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Abstract— Slip, especially incipient slip, is a complicated
process for soft fingertips; and detection of this slip is im-
portant for stable manipulations by both human and robotic
fingertips. Experimental research has attempted to explainthis
phenomenon, but dynamic changes during this process could
not be fully delineated. We propose here a dynamic model
to investigate the sliding motion of soft fingertips on a plane
with friction. The fingertip is comprised of a finite number
of elastic, compressible and bendable cantilevers whose free
ends act as infinitesimal contact points. The contact surface is
afterward meshed using a finite element method based on the
coordinates of the contact points. By introducing Coulomb’s law
and contact compliance into each contact point, we were ableto
assess the frictional characteristics of the sliding motions of the
fingertips. We also could successfully describe the dynamically
localized displacements on the contact surface during stick-slip
transition, displacements that represent the sliding motion of
a soft fingertip. This model can be applied to different shapes
of robotic fingertip, including the cylindrical and hemispherical
models tested here. We also performed experiments to validate
the proposed simulation, including force/moment and vision
setups.

I. I NTRODUCTION

Recent research in robotics has focused on the dexterous
manipulation of objects using soft fingered robotic hands, es-
pecially anthropomorphic hands. This type of research can be
categorized into two main groups. The first consists of studies
that focus on analyzing the contact mechanics between soft
fingers and objects [1]. In the second, tactile sensing systems
imitating those of humans, along with many types of sensors,
have been developed to simulate human abilities in object
grasping and dexterous handling [2]. Whereas the former
studies consisted primarily of analysis of stable graspingor
object postures controlled by soft fingertips during a pushing
or rolling motion on the surface of objects; the latter studies
concentrated on the tactile texture perceptions of sensory
fingertips, to increase efficiency during object manipulation
processes. Among the various movements of fingertips during
object handling is slide/slip, which often occurs during contact
and is considered important in dexterous manipulation [3].
For example, to assess the texture of an object’s surface,
the fingertip needs to slide slightly on the surface to extract
information about its roughness or friction. The sliding motion
of an object between fingertips during grasping, or incipient
slip, is a crucial factor in stable object manipulation. However,
while the latter studies have addressed all types of fingertip

motions, including pressing, rolling, and rubbing; the former
studies have focused primarily on pure pushing and rolling
movements, while ignoring slip or slide. The difficulties in
modeling the sliding motion of fingertips comes from their
compliance, their partial movements on contact surfaces, and
the force/moment of friction. Kao and Cutkosky [4] have
proposed a method that combines compliance and friction
on a limited surface to compute the relative sliding motion
between a grasped object and soft fingers. That article showed
concrete results in modeling contact and in approximation of
gross-motion planning. Fearing [5] introduced an algorithm
for automatic stable grasping of polygonal objects by two
fingers and a point contact with friction. Research has also
addressed pushing operations using manipulators. Yoshikawa
et al. [6] proposed a pushing method to identify the center of
friction of an object with an unknown distribution of friction.
In a similar method [7], relevant friction parameters were
estimated by performing experimental pushes and observing
the resultant motion. Nevertheless, most previous research has
dealt only with quasi-static analysis, including gross sliding,
not on stick-slip phases (i.e. how and when it occurs), or partial
slip on the contact surface of a soft fingertip. In contrast,
some contact models have been used in simulation, such
as analytical ([8]) and conventional penalty methods ([9]).
Although the former methods result in a fast and accurate
description of contact, they limit penetration between objects;
in contrast, the latter methods can identify the contact area, but
can only use penetrative contacts. At the same time, the Finite
Element Analysis (FEA) model of a contacting soft fingertip
was also developed. This method, however, is time-consuming
and usually solved in a static field ([10]). In contrast to the
above approaches, Barbagliet al [11] attempted to determine
the model that best fit the real rotational friction properties of
human fingertips and then extended the object/proxy algorithm
to simulate soft finger contact.

In this paper, we have attempted to determine the frictional
characteristics of a 3-D soft fingertip during unilateral sliding
motion relative to an object. We have proposed a method
to model vertical and horizontal deformations of the soft
fingertip during sliding by introducing virtual cantilevers.
Moreover, we have modeled the contact surface by employing
the FEA method, along with Coulomb’s frictional law. This
can significantly reduce calculation time, while still assuring
the dynamic behavior of the system during stick-slip transition.
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Fig. 1. Model of a sliding soft fingertip with virtual cantilevers and meshed
contact surface.

Results from simulation and experimental validation can the-
oretically explain, for the first time, localized movementson
the contact surface during the stick-slip phase, as determined
experimentally.

II. PROPOSEDHYBRID MODELING OF A HEMISPHERICAL

SOFT FINGERTIP

Many shapes are used to form robotic soft fingertips. We
have categorized them into two main groups with respect
to grasped objects with rigid flat facets. The first generates
uniform distribution of normal stress, such as square and
rectangular fingertips. The second is characterized by the non-
uniform distribution of contact force, including cylindrical,
hemispherical, and human-like fingertips. Both groups are
distinguished by rigid fingertips in compliant contact, featur-
ing a pre-slide stage and characteristics of hysteresis. More
particularly with the second group, the pre-slide generates
localized displacements on the contact surface, which are
important in incipient slip detection ([20]). A dynamic model
with the appearance of friction is required to represent these
phenomena and characteristics of soft fingertips. We have
developed a model, which, with some simplifications, can
be employed to investigate slip motions of soft fingertips of
different shapes, especially during stick-slip transition. Since
this model focuses onwhat happenson the entirecontact
surface, we have combined discrete and FEA methods to
model a general 3-D soft fingertip. By so doing, the calculation
times will be reduced considerably, while still assuring the
correctness of the model.

Assume that a three dimensional (3-D) soft fingertip with
an arbitrary but continuous outer surface is pushed vertically
with a specific contact penetration by a normal forceFn on a
rigid flat plane, and slides horizontally with an external force
Ft (Fig. 1(a)). Inoue ([1]) proposed a soft fingertip model

comprised of an infinite number of vertical elastic virtual
springs that could be used to investigate the deformation of
the fingertip during pushing or rolling motion on an object.
This model, however, was not sufficient to demonstrate sliding
motion with the appearance of frictional force. Therefore,
instead of virtual springs, we have proposed a model, in
which the soft fingertip is comprised of a finite number of
virtual elastic cantilevers that are compressible, tensile, and
bendable (Fig. 1(b)). This model can represent the diverse
deformations of a soft fingertip during a sliding motion, in
which the fingertip is pushed and slid at the same time. These
cantilevers are fixed on the flat surface of the fingertip, with
their free ends on its outer surface. Each cantilever has a
uniform circular cross sectional area, whereas the lengthsof
the cantilevers differ depending on their coordinates within
the fingertip. When the fingertip is pushed, some cantilevers
will make contact with the object, causing the deformations
of these cantilevers. Based on geometrical distributions,we
were able to calculate the deformation of each contacting
cantilever, which have non-uniform distribution on the contact
surface. Afterwards, we meshed the 2-D contact surface using
the Voight model to describe the elastic and viscous properties
of the contact surface ([12]) on the O−XY coordinates. Each
node was equivalent to the free end of a contacting cantilever.
Each element is a triangleTp with three nodes referred asPi,
Pj , andPk in a counterclockwise direction. Fig. 1(c) illustrates
a possible mesh of the contact surface. For the sake of
simplicity, we made three assumptions:

1) When a cantilever is bent, its deformation is significant
only at the free end.

2) Interactions between continuous cantilevers only occur
between their free ends on the contact surface.

3) Only cantilevers whose free ends are acting on the
contact surface are considered (dark colored cantilevers
in Fig. 1(b)). Cantilevers outside the contact surface are
deemed irrelevant to the sliding motion of the fingertip
(light colored cantilevers in Fig. 1(b)).

As a result, when the fingertip is pushed and slid, its deforma-
tion will be represented by deformations of all contacting can-
tilevers. Moreover, external forces acting on each node on the
contact surface can be assessed by calculating the compressing
and bending forces of the corresponding cantilever. Especially,
the Coulomb friction model can be introduced into each node,
a model usually neglected in previous research. Consequently,
combining both discrete and FEA methods into a model of a
soft fingertip may allow a description of the dynamic behavior
of the fingertip during sliding motions, especially in stick-slip
states.

III. M ATHEMATICAL MODELS

A. Cantilever Model

We ascribe the analysis of one arbitrary cantilever, thei-
th cantilever, with coordinates in O−XY as (xi,yi), a natural
length l io, and natural cross-sectional radiusr i

o. After being
pushed with contact depthdi

n, the normal forcef i
n acting on
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Fig. 2. Bending strain during stick phase.

the free end of this cantilever can be computed as [1]:

f i
n = kidi

n = E
πr i

o
2

l io
di

n, (1)

whereE is Young’s modulus. Thus, the sum of normal forces
acting on all cantilevers is equal toFn:

Fn = ∑ f i
n. (2)

When the external tangential forceFt is first activated, the
fingertip has not been slid yet. The contact surface still sticks
to the plane, causing the fingertip to deform. At this time, all
contacting cantilevers are bent at their free ends with the same
bending strainδs, as illustrated in Fig. 2. This bending strain
is calculated as originated in [15]:

δs=
3µFn

16R
2−ν

G
{1− (1−Φ)2/3}, (3)

where Φ = Ft/µFn is tangential force coefficient,R is the
radius of the fingertip,µ is friction coefficient,ν is Poisson’s
ratio, andG is the shear elasticity’s modulus. By assessing the
bending strain in Eq. (3), the bending forcef i

b acting on the
free end of the cantilever, with lengthl i and cross-sectional
area’s radiusr i , can be calculated in the following equation:

f i
b = biδs=

3EI
(l i)3 δs=

3Eπ(r i)4

(l i)3 δs. (4)

B. 2-D FEA Modeling of the Contact Surface

There are many ways to solve FEA simulations of sliding
contact using commercial softwares such as ANSYSTM , or
MARCTM . These programs, however, cannot determine the
exact dynamic behavior of frictional force or of micro slips
during stickslip transition. We therefore propose a methodto
dynamically calculate the output of frictional force, as well
as micro sticks/slips on the contact surface during stick-slip
transition.

If λ ela andµela are elastic Lame’s constants,λ vis andµvis as
viscous Lame’s constants, then the connection matricesJλ and
Jµ can be obtained by synthesizing partial connection matrices
set of triangles{Tp}. Detailed derivations of those matrices
can be refereed in [16]. Using connection matrices, we can
describe a geometric relationship among all nodal points. If
Fve is a visco-elastic force vector on contact nodes, then it can
be calculated as:

Fve = (λ elaJλ + µelaJµ)uN +(λ visJλ + µvisJµ)vN, (5)
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Fig. 3. Analysis of acting force on a arbitrary beam .

or:

Fve = KelauN +Kvisu̇N. (6)

In addition to the visco-elastic forcefive calculated implicitly
by Eq. (6), each node has a friction forcef i

f r , a normal force
fin, and a bending forcefib (Fig. 3). Friction forces conform
to Coulomb’s law as they oppose the motion of the contact;
thus, if there is no motion at the contact, the friction force
can act in any direction with any magnitude less than or
equal to the product of the friction coefficient and the normal
force. To assess stick/slip motion at each contact node, a
slip condition is proposed based on Coulomb condition, and
the Constraint Stabilization Method (CSM), which allows the
numerical computation of a system of differential equations
under geometric constraints ([17]). When applied to a node,
CSM assures the fixation of that node, if it keeps sticking to the
contact facet. LetA i

2,2 be a matrix describing the constraint of
the i-th node. IfA i = 02,2 = A i

0 then this node is unconstrained;
while if A i = I2,2 = A i

1 then this node is fixed. As a result, the
stick/slip condition of a contacting node can be described as:

f i
f r =

{

f i
ve+ fib if f i

ve+ fib < µ fin ⇒ Stick ⇒ A i = Ai
1

µ fin if f i
ve+ fib ≥ µ fin ⇒ Slip ⇒ A i = A i

0
. (7)

For each iteration, the state of stick or slip of each contacting
node can be determined based on the magnitude of the
frictional force, allowing the value of the constraint matrix
A i to be determined. The constraint matrixA of all nodes can
be determined by combining partial constraint matrices:

AT =











A0 0 ... 0
0 A1 ... 0
...

...
. . .

...
0 0 ... AN











2N,2N

, (8)

where N is the number of contacting nodes. As a result,
the geometric constraint can be described in the following
equation:

R , ATuN = 0. (9)

We applied the CSM to incorporate this constraint into dy-
namic equations. Let us define a critical damping of the
constraint:

R̈+2ωṘ+ ω2R = 0, (10)
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Fig. 4. Model of a hemispherical soft fingertip.

TABLE I

PARAMETER VALUES USED IN SIMULATION OF HEMISPHERICAL

FINGERTIP

Parameter Value Unit

R 10 mm
dn 2 mm
E 0.623 MPa
ν 0.48
C 100 Pa.s
µ 0.9

where ω denotes a predetermined angular frequency. This
equation turns into the following differential equation:

AT üN +AT(2ω u̇N + ω2uN) = 0. (11)

Consequently, Lagrangian under a set of geometric constraints
R is formulated as:

L = T −U+W + λTATu. (12)

Therefore, a set of motion equations of all nodal points is
formulated as:

−MüN −KelauN −Kvisu̇N +F+Aλ = 0, (13)

whereM is the inertia matrix of the 2-D FEA contact surface
([16]), F = F f r +Fb being external force vector on the contact
surface, andλ being a set of Lagrange multipliers. Recalling
the Eq. (11), and introducing the relationvN = u̇N, equation
motions of all nodes can be described as follows:











vN = u̇N

Mv̇N −ATλ = −KelauN −KvisvN +F
−AT v̇N = AT(2ωvN + ω2uN)

. (14)

Namely:




I 0 0
0 M −A
0 −AT 0









u̇N

v̇N

λ



 =





vN

−KelauN −KvisvN +F
AT(2ωvN + ω2uN)



 .

(15)
This equation is linear and solvable since the matrix is regular,
indicating that we can computėuN, andv̇N. Consequently, by
combining equations for virtual cantilevers and equationsof
motion for the contact surface, we can determine the dynamic
frictional force acting on each node during its stick/slip
motion, as well as the total frictional force on the contact
surface. Moreover, we can determine dynamic changes at the
contact surface during stick-to-slip phase.
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Fig. 6. Responses of friction force of simulation trials.

IV. SIMULATIONS

The simulation was conducted by implementing the model
in the C++ programming environment, thus optimizing cal-
culation time. To solve Eq. (14), we employed a sixth order
Runge-Kutta method with a sampling time of 1.0x10−6 s. The
simulation runs on a normal PC with a 1.8 GHz processor.
In this paper, we conducted simulations of two typical soft
fingertips, hemispherical and cylindrical fingertips.

A. Hemispherical Soft Fingertip

In this simulation, the soft fingertip has a diameter of
10.0 mm, similar to the tip of an adult’s thumb. The fingertip
is pushed with contact depthdn and moved with a constant
velocity v. The contact surface is circular with diameter a,
which can be calculated as:

a =
√

R2− (R−dn)2. (16)

Because the fingertip can slide in any direction, the mesh
of the contact surface must be symmetrical to the center of
the contact surface. The numbers of contacting nodes and
contacting cantilevers were bothN. The normal force acting
on a node on the contact surface can be estimated using a
modified form of Eq. (1):

f i
n = kidi

n = E
πr i

o
2

l io
{
√

R2− (x2
i +y2

i )− (r −dn)}. (17)

Other parameters are summarized in Table I. Young’s modulus
(E) and Poisson’s ratio (ν) have obtained based on lineariza-
tion of 60% stress-strain relation of a polyurethane rubber;
but the viscous parameter (C) of this type of rubber is not
identified. Therefore, we used 100 Pa.s as an approximate
value for viscous modulus in this simulation. Simulation is
focused was stick-to-slip transition, or the transient phase
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before the stable sliding of the fingertip. By solving Eq. (15),
the transient period of stick-slip of the moving hemispherical
fingertip can be determined.

Fig. 5 , shows a plot of frictional force acting on the
contact surface during the stick-to-slip phase. This forcecan
be calculated by summing all the frictional forces acting on
the nodes of the contact surface. Two different stages of
friction force can be easily realized during this phase. The
friction force keeps increasing during the stick phase, while
remaining unchanged in the slide phase. There is no sudden
change between the two stages; rather, it occurs smoothly.
This phenomenon occurs only with ductile material like that
of soft fingertip; but is unrealistic for solid objects when the
body accelerates, even if the external forces on the body
are below the threshold of the frictional force ([19]). When
the sliding velocity varies, the friction responses also change
correspondingly (Fig. 6(a)), such that the moment of slide
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increases as the velocity increases. One of the characteristics
of friction of soft material, hysteresis of friction beforesliding,
can also be perceived in this simulation. The fingertip is moved
until the moment right before slide begins, and is then stopped
and moved back to its original state. When friction is plotted
with regard to displacement of the fingertip (Fig. 6(b)), the
forward and backward frictional forces during the stick phase
create a hysteresis. The gap of the hysteresis also depends on
sliding velocity.

Moreover, by illustrating partial trajectories of contactnodes
during the stick-to-slip transition Fig. 7, we can closely look
at micro changes of strain on the contact surface. That is, the
peripheral areas of the contact surface slip first (Fig. 7(a)), and
the slipped areas propagate to the center of the contact surface
Fig. 7(b) to (c). This incipient slip of a hemispherical soft
fingertip has been described in ([2],[10]). Moreover, during
experimental stick-to-slip transition the center of the contact
surface was the last to give way right before gross slippage of
the moved fingertip on the plane of the object [20].

B. Cylindrical Soft Fingertip

When a cylindrical fingertip makes contact with a plane,
the distribution of normal force is uniform along the lateral
dimension (Fig. 8(a)). Therefore, it is not necessary to mesh



Fig. 11. Experiment’s micro displacements on the contact surface during
stick-to-slip transition. White bars show trajectories ofslipped contact nodes.

the entire contact surface precisely. Rather, the proposed3-D
model in Section II can be simplified to a 2.5-D model by
choosing cantilevers with rectangular cross-sectional areas. At
this time, the contact surface includes onlylinkage elements
(Fig. 8(b)), corresponding to triangular elements in the 3-
D model. This can reduce the time required for simulation
compared with that needed for hemispherical fingertips; but
still assure the correctness of the simulation. Some parameters
used for simulation can be found in [13].

Fig. 9(a)-(c) shows that the responses of friction force differ
significantly when some conditions of slide change, such as
sliding velocity, contact angle, and contact depth, similar to
responses occurring for hemispherical fingertips. In particular,
we are able to observe the hysteresis of frictional forces
upon periodic changes in velocity (Fig. 9(d)). In addition,the
hysteresis curves became narrower when the rate of velocity
changes increased ([19]). We could also assess the localized
displacements of nodes on the contact surface during stick-slip
transition. Fig. 10 illustrates the displacements of contacting
nodes numbered−N to N, from left to right along the direction
of slide. The localized slip also propagates from outward to
inward, and the zone gives way before gross slip is adjacent
to the center zone.

As described above, simulation trials were implemented in
a C++ environment, using a common PC. We were able to
conduct simulations of the sliding cylindrical fingertip model
in real time. Using our model of a hemispherical fingertip,
each trial took 4 to 10 minutes, depending on initial conditions
such as sliding velocity and contact depth. We are attempting
to accelerate simulation trials by utilizing power of parallel
computations, using CUDA in GPU-equipped computers. This
seems very promising for future implementations of simulation
in real time. Compared with solid FEA simulations imple-
mented in commercial software ([14]), the simulation time was
markedly reduced. The solid FEA simulation apparently in-
cludes detailed stress-strain information at any node, whereas
our model can describe stick-slip transitions dynamicallywith
promising application in real time.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1. 8

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

Time [s]

Fr
ic

ti
o

n
 f

o
rc

e
 [N

]

 

 

Simulation

Experiment

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
−600

−400

−200

0

200

Time[s]E
rr

o
r 

[%
]

(a) Plots of friction forces from experiment and simulation

(b) Error between two plots

Fig. 12. Comparison between simulation and experiment’s friction force at
v = 5.0 mm/s.

0
0

0.5

 

 

Forward
Backward

1.0

1.5

2.0

2.5

3.0

3.5

1 2 3 4 5 6 7
x10-3

F
ri

c
ti

o
n

 f
o

rc
e

 [
N

] 

Displacement of the FT [m]
0 0.5 1 1.5 2 2.5 3

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

Time [s]

F
ri

c
ti

o
n

 f
o

rc
e

 [
N

]
 

 

2.0 mm/s
5.0 mm/s
6.0 mm/s

(a) Velocity changes (b) Hysteresis of friction force 

Fig. 13. Experimental friction force during stick-to-sliptransition.

V. EXPERIMENTAL VALIDATION

A. Hemispherical Soft Fingertip

To verify the simulated model, we conducted an experiment
in which one polyurethane rubber soft fingertip was moved
on a rigid surface by a 2-DOF stage. A 3-DOF loadcell was
attached to the fingertip to measure external forces acting
on it. Moreover, the outer surface of the fingertip contains
dots representing contact nodes. These dots have coordinates
similar to those of contacting nodes in simulation. To create
these dots, we utilized a thin steel panel with drilled holesof
0.5 mm radius distributed similarly to those of nodes on the
meshed contact surface. This plate was pushed vertically on
the top of the soft fingertip with the same contact depthdn as
in the simulation. Spray paint was used to create black dots
through the drilled holes (Fig. 11). A high speed camera was
employed to track the movements of these dots. The white
bars in Fig. 11 illustrate localized displacements of tracked
dots on the contact surface during stick phase. We also found
that localized slips on the contact surface occurred first at
the outward border, later propagating into the center zone.
Consequently, this experimental result validates our proposed
model and its simulation result.

Fig. 12(a) compares simulated and experimental frictional
forces during stick-to-slip transition atv = 5.0 mm/s. We
observed very good agreement between the two results. The
relative error was large at the very beginning of the slide,
but quickly vanishes (Fig. 12(b)). When we assessed changes
in frictional force as a function of the velocity of the slide
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Fig. 13(a), we found that, as velocity increases, the overt slip
occurs sooner and the coefficient of friction increases. The
latter is due to the viscosity characteristics of frictional forces,
in that the coefficient of friction depends on sliding velocity
([12]). This was also observed in the simulation results, as
mentioned in Section IV. Hysteresis of friction force relative to
fingertip displacement is plotted in Fig. 13(b), showing general
agreement with simulation results (Fig. 6(b)).

B. Cylindrical Soft Fingertip

Experimental apparatuses similar to those for hemispherical
fingertip were also employed for validation of cylindrical
fingertips. In the visual setup, the outer surface of the fingertip
has a distribution of continuous ridges, which were marked
for ease of tracking (Fig. 14). We observed movements of
the center points of contacting ridges on the contact surface.
These center points represent contacting nodes in the model.
The trajectories of the contacting nodes are illustrated inFig.
15, showing agreement with that of simulation result in Fig.
10. The force validation shown in Fig. 16 is also in agreement
with the simulation results in Fig. 9. Consequently, our exper-
imental results totally support our proposed simulation model.

VI. D ISCUSSION

A. Stick-Slip Transition

In this paper, we employed two typical shapes of robotic
soft fingertips, hemispherical and cylindrical, to investigate
sliding motions using our proposed model. We believe that our
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model can be used to simulate other types of soft fingertips,
even those with complicated surfaces. Unless the distribution
of normal forces on the contact surface is impossible to
perceive, stick-slip transitions and localized displacements can
be assessed using our model. This model can also be used
to explain the sliding of human fingertips. This conclusion
is supported in part by previous experiments on the sliding
motion of human fingertips with epidermal ridges ([21], or
[22]) especially on how the contact surfaces of human fin-
gertips change during sliding motion from stick to slip states.
Fig. 6 in Ref. [22] is similar to our simulation results; in that
localized displacements occur first at the border zones and later
propagate inward. As a result, our model promises a platform
that can dynamically represent the sliding motion of many soft
fingertips, ranging from robotic to human.

For a complex model with various materials, such as a
human finger, our group has used magnetic resonance imaging
and the Snake algorithm to specify the exact shape, as well
as the locations of bone and other tissues. Based on this
information, the stiffness of each cantilever corresponding to
bone, soft tissue, and other materials can be identified. The
physical connection between cantilevers of different stiffness
assures the flawlessness of the model. The contact surface
is meshed with corresponding characteristics of human skin.
Thus, by extending our proposed model, we can simulate the
sliding motion of human fingers.



B. Friction Torsion

In investigating the bilateral movement of soft fingertips,
it was necessary to introduce frictional torque into the model
[23]. To analyze this movement, we employed instantaneous
center of rotation (i.c.r.), which has been mentioned in [4].
The moment about thez-axis, or normal to the contact area,
can be calculated as: :

m= −
N

∑
i

mi = −
N

∑
i

r i ×
vi

‖ vi ‖
f i
f r , (18)

with f i
f r be the friction force at the contacting nodei calculated

in Eq. (7); vi is the velocity vector with respect o the i.c.r.;
and r i is the location vector of thei-th node.

By using this hypothesis, more constraints need to be
introduced for all contacting nodes of this model. With respect
to i.c.r., for each iteration the direction of movement of each
contact node is considered perpendicular topi , i.e.:

Qi = vi ·pi = vi
xpi

x +vi
ypi

y = 0. (19)

This is a nonholonomic constraint. LetQ be the matrix
description of Eq. (20) for all contact nodes. SinceQ contains
velocity components, any differential equation with second
order derivatives ofQ is not available. Thus, instead of using
Eq. (10), we apply the following differential equation:

Q̇+ νQ = 0, (20)

whereν is a predetermined damping ratio. In companion with
holonomic constraint described in Eq. (9), we can incorporate
these constraints into equations of motion as [24]:









I 0 0 0
0 M −ΦHT −ΦNT

0 −ΦH 0 0
0 −ΦN 0 0

















u̇N

v̇N

λ H

λ N









=









vN

F
γH

γN









. (21)

In this equation,ΦH andΦN are holonomic and nonholonomic
constraint matrices calculated from constraintsR and Q re-
spectively according to [24];λ H andλ N are sets of Lagrange
multipliers;γH andγN are derived from Eqs. (10) and (20). By
numerically integrating these equations, responses of friction
force and friction torque can be assessed. We will report this
result in another paper soon.

VII. C ONCLUSION

This paper presents a hybrid FEA model of discretely
represented virtual cantilevers, which simulate the dynamic
behavior of a sliding soft fingertip. We have focused on the
stick-slip transition of this slide, which has been considered
an important factor in stable grasping. Our simulation success-
fully reproduced dynamically localized displacements on the
contact surface during stick-slip transition, which had been ob-
served experimentally beforehand. Our validation experiments
indicate that our model is sufficient to explain dynamically
this complex phase of a sliding soft fingertip.
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