


Then, the objective function of the NLLS optimization
problem can be formulated as follows

f (X) = wZ fZ (X) + wO fO (X) + wSfS (X). (7)

Here, the objective function consists of three parts: the ob-
servation termfZ (X), the odometry termfO (X) and the
smoothing termfS (X). And wZ , wO andwS are the weights
for the different terms. The details are given in the following
subsections.

D. Observation Term

Given the observation informationS = { Si } (0 ≤ i ≤ n)
in (1), the observation term in the objective function (7) is
formulated as

fZ (X) =
n∑

i =0

k i∑
j =1

∥∥Z
pj
i − F Z

ij (X)
∥∥2

, where

F Z
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p j
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N (Pm
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i

)
.

(8)

HerePm
p j
i

denotes a continuous coordinate in the occupancy
mapM where the scan pointpj is projected to the grid cells
using the robot posei, which can be calculated by

Pm
p j
i

=
RT

i X
pj
i + ti − t0

s
(9)

wheres is the resolution of the cell nodes in the occupancy
map M (the distance between two adjacent cell nodes rep-
resentss meters in the real world). Here we use the same
resolution as used in generating observations from laser scans
in Section III-A1. Andt0 is the position of the occupancy map
origin. M (Pm

p j
i

) is the occupancy value of pointPm
p j
i

in the
occupancy mapM and it can be calculated by (4).

In (8), N (Pm
p j
i

) is the equivalent hit multiplier ofPm
p j
i

which will be described clearly in Section III-E. Intuitively,
since the evidence value is additive, the occupancy value
M (Pm

p j
i

) is proportional to the number of times the point
is observed.

Here, we suppose the errors of occupancy values of different
sampled points in the observations{ Si } are independent and
have the same uncertainty. Therefore, the weights on all terms
of the objective function (8) are the same, it is equivalent to
set all the weights equal to1. Thus, we use norms instead of
weighted norms in equation (8).

E. Hit Map N (·)
When using the Bayesian approach to build OGM, the

occupancy of a cell is calculated as the sum of the occupancy
values of all the scan points projected to this cell [27]. Thus
N (Pm

p j
i

) is needed in (8) to present the relationship between
the occupancy mapM and each individual observationZpj

i .
Now we explain howN (Pm

p j
i

) can be calculated.
The functionN (·) is a hit map which indicates equivalently

how many scan points are projected onto each continuous
position in the map. It depends on the (current estimate of)
robot poses.

When the robot poses{ X r
i } (0 ≤ i ≤ n) are given, all the

scan points{ X
pj
i } (1 ≤ j ≤ ki , 0 ≤ i ≤ n) in the observations

{ Si } can be projected into the grid cells using (9) and each
point contributes1 hit. Then, the equivalent hit multiplier at
the grid cell nodes{ N (mwh )} can be computed by

[N (m00), · · · , N (ml w l h )] =
n∑

i =0

k i∑
j =1

H(Pm
p j
i

) (10)

where Pm
p j
i

can be calculated using (9), andH(·) is the
function that distributes the1 hit to all the nodes, with only
the four nearby nodes non-zero through the inverse of bilinear
interpolation.

After the hit map values at the cell nodes{ N (mwh )} are
obtained, calculating the equivalent hit multiplierN (Pm

p j
i

) for
an arbitrary continuous point (as used in the objective term in
(8)) can be easily obtained using the bilinear interpolation,
which is similar as in (4).

F. Odometry Term

If odometry inputsO = { Oi } (1 ≤ i ≤ n) are available in
the format of (3), then the odometry term can be formulated
as

fO (X) =
n∑

i =1

∥∥Oi − F O
i (X)

∥∥2

� −1
O i
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n∑
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∥∥∥∥[ Ot
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(
Oθ
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)]∥∥∥∥2

� −1
O i

(11)

in which � O i is the covariance matrix representing the uncer-
tainty of Oi , and wrap(·) wraparounds the rotation angle to
[− π, π].

G. Smoothing Term

It can be easily found out that minimizing the objective
function with only the observation term and the odometry term
is not easy, since there are a large number of local minima.
Especially, if the robot poses are far away from the global
minimum, it is very dif�cult for an optimizer to converge to
the correct solution.

In order to enlarge the region of attraction and develop an
algorithm that is robust to poor initial values, we introduce
a smoothing term. This term makes the occupancy mapM
more smooth and continuous for derivative calculation. The
smoothing term requires the occupancy values of nearby cell
nodes to be close to each other. In our case, based on
the derivative calculation method we use, we penalize the
difference between each cell node in the mapM and the two
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R0

i is the derivative of the rotation matrixRi w.r.t. rotation
angleθi andE2 means2 × 2 identity matrix.
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Here
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can be considered as the gradient of the

occupancy mapM at pointP
m

P j
i

, which can be approximated
by the bilinear interpolation of the gradients of the occupancy
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where the gradient of occupancy mapM at all the grid cell
nodes∇ M can be easily calculated from{ M (mwh )}(0 ≤
w ≤ lw , 0 ≤ h ≤ lh ) in the state. The bilinear interpolation
used in (20) is similar to the method in (4) and (5).

Here we assume the robot poses{ X r
i } change slightly in

each iteration, so as to reduce the computational complexity,
the hit mapN is considered as constant and updated using
the current robot poses in each iteration. Thus, the derivative
of N (P

m
P j
i

) is not calculated.

C. Jacobian of the Observation Term w.r.t. Occupancy Map

Based on (4), the JacobianJM of function F Z
ij (X) in the

observation term w.r.t. the cell nodes of the occupancy map
M can be calculated as
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where M (mwh ), · · · , M (m(w+1)( h+1) ) are the four nearest
cell nodes toP

m
P j
i

, anda0, a1, b0 andb1 are de�ned in (5).

D. Jacobian of the Odometry Term

The JacobianJO of function F O
i (X) in the odometry term

(11) is the partial derivative w.r.t. the robot posesX r since
it is not related to the occupancy map in the state vectorX.
Therefore, the JacobianJO can be calculated as
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in which 02 means2 × 1 zero vector.

E. Jacobian of Smoothing Term

The JacobianJS of functionF S (X) in the smoothing term
is the derivative of (12) w.r.t. the occupancy values at the cell
nodes{ M (mwh )} (0 ≤ w ≤ lw , 0 ≤ h ≤ lh ) due to it is not
related to the robot poses in the state vectorX. It should be
mentioned thatF S (X) is linear w.r.t.{ M (mwh )}

F S (X) = A [M (m00), · · · , M (ml w l h )]T (23)

where the(2lw lh + lw + lh ) × (( lw + 1)( lh + 1)) coef�cient
matrix A is sparse and with nonzero elements1 or − 1. An
example of the coef�cient matrix can be shown as

A =
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. (24)

Here0 represents a zero vector with appropriate dimensions.
Therefore, the Jacobian of the smoothing term can be calcu-
lated as

JS =
∂F S (X)

∂M
= A. (25)

SinceA is constant,JS can be pre-calculated and directly used
in the optimization as shown in Algorithm 1.

V. EXPERIMENTAL RESULTS

In this section, we present the results of our algorithm using
a number of datasets. First, due to the lack of ground truth in
the practical datasets, we evaluate our algorithm qualitatively
and quantitatively through simulation experiments and com-
pare it with Cartographer [7]. Secondly, we compare the results
from our approach with those from Cartographer qualitatively
using a number of practical datasets. Thirdly, we visually com-
pare our results with some other recent occupancy mapping
strategies using the Intel dataset. Finally, we demonstrate the
robustness of our algorithm to poor initializations. Due to
the different sensor con�gurations of different datasets, we
adjust some parameters in Cartographer to achieve its best



Fig. 3. Simulation environments, robot trajectory results and uncertainty
maps. (a) and (b) show the simulation environments (the black lines indicate
the obstacles in the scene) and the trajectories of ground truth, odometry
inputs, Cartographer and our approach for one dataset in each of the two
simulation experiments. (c) and (d) show the uncertainty maps of our approach
for the same datasets.

performance possible. In our algorithm, we choosewZ = 1 ,
wO = 1 , initial wS = 0 .1, τS = 18, andds = 10.

Our algorithm is currently implemented in MATLAB. De-
pending on the datasets, it takes 20-60 iterations for our
algorithm to converge and each iteration takes 20 seconds to
a few minutes. Please note that we are not aiming for a real-
time online SLAM, but an of�ine SLAM to achieve the best
results possible.

A. Simulation Experiments

We use two different simulation environments to design two
different simulation experiments. Fig. 3(a) and Fig. 3(b) show
the obstacles in the environments and the robot trajectories
for the two experiments. Simulation 1 includes 340 scans
collected from 340 robot poses, and with 339 odometry inputs
(0.5 second per step). Simulation 2 includes 527 scans and
526 odometry inputs. Each scan consists of 1081 laser beams
with angle ranging from -135 degrees to 135 degrees which
simulates a Hokuyo UTM-30LX laser scanner. To simulate
real-world data acquisition, we added random Gaussian noises
with zero-mean and standard deviation of0.02m to each beam
of the scan data generated from the ground truth. Similarly,
we added zero-mean Gaussian noises to the odometry inputs
generated from the ground truth poses (standard deviation of
0.04m for x-y and0.003rad for orientation). For each simu-
lation experiment, we generated 5 datasets each with different
sets of random noises. In these experiments, our method uses
the poses from Cartographer’s results for initialization.

(a) Simulation 1

(b) Simulation 2

Fig. 4. Comparison of Translation Error and Rotation Error.

TABLE I
QUANTITATIVE COMPARISON OFROBOT POSEERRORS INSIMULATIONS

Odometry Input Cartographer Our Method
Simulation 1

MAE of Translation 1.5132 0.2428 0.1374
MAE of Rotation 0.0545 0.0149 0.0066
RMSE of Translation 1.9904 0.2871 0.1540
RMSE of Rotation 0.0657 0.0189 0.0066

Simulation 2
MAE of Translation 0.8748 0.4779 0.1215
MAE of Rotation 0.0418 0.0148 0.0107
RMSE of Translation 1.0644 0.5542 0.1452
RMSE of Rotation 0.0514 0.0175 0.0107

The robot trajectory results of our Occupancy-SLAM and
Cartographer of one dataset in each simulation are compared
with the ground truth and odometry in Fig. 3(a) and Fig. 3(b).
It can be seen that our trajectories are closer to the ground truth
trajectories, especially for positions where signi�cant rotation
occurs. Fig. 4 shows the translation and rotation errors of our
method and Cartographer. It is clear that the errors of our
method are smaller than those of Cartographer for the majority
of the time.

We use all the �ve datasets for Simulation 1 and all the �ve
datasets for Simulation 2 to perform quantitative comparison
of pose estimation errors. The results are given in Table I.
We use mean absolute error (MAE) and root mean squared
error (RMSE) to evaluate the translation errors (in meters)
and rotation errors (in radians). Our method performs best in
all the four metrics for both simulations.

Fig. 5 shows the OGMs and point cloud maps generated
using poses from ground truth, Cartographer and our approach
for one dataset from each of the simulations. It can be seen that



(b) 1x Cartographer(a) Ground Truth (c) 1x Our Method (d) 0.5x Cartographer (e) 0.5x Our Method

Fig. 5. The OGMs and point cloud maps generated by ground truth poses, poses from Cartographer and poses from our approach in one dataset for each
simulation. The point cloud maps are generated by projection of the scan endpoints using the poses. The �rst two rows are the OGMs and point cloud maps
of the dataset in Simulation 1, and the third to fourth rows are the OGMs and point cloud maps of the dataset in Simulation 2. (b) and (c) show the results
of original sampling rate. (d) and (e) show the results of 0.5 times sampling rate.

Fig. 6. The OGM precision of our method and Cartographer.

constructed using the endpoint projections of the scan points
of the optimized poses can be used as a reference for the
accuracy of the poses to some extent.

The OGMs and point cloud maps of our algorithm and

Cartographer using the three datasets are depicted in Fig.
7. Fig. 7(a) and Fig. 7(d) are the OGMs and point cloud
maps generated from Cartographer, respectively. Fig. 7(b),
Fig. 7(c) and Fig. 7(e) are the results from our approach, in
which Fig. 7(c) is the occupancy map generated directly in
the optimization process and Fig. 7(b) is the remapped OGMs
using the optimized poses. Due to the smoothing term used in
our approach, some blurred areas are inevitable in Fig. 7(c),
but these parts can be completely eliminated when remapping
using our optimized poses. The uncertainty maps obtained by
our method are given in Fig. 8. In these experiments, our
method uses poses from Cartographer’s results for initializa-
tion and a signi�cant decrease in the error of the objective
function was observed during the optimization process.

We use red dotted lines to highlight some areas to show
our results are better than Cartographer not only in the OGMs
but also in the poses. Comparing Fig. 7(a) with Fig. 7(b), it
is clear that our algorithm can obtain clearer boundaries of


