constraints, as follows:

Ajp(t) < by + B (t)Ej;
X j1 X j

Yt e X, X
i=1 i=1

=1 )

;m;

where Ej € {0;1}% with its i-the element set to zero if
the trajectory passes through the i-th face of polytope |
and its remaining elements set to unity. Similar to (8), we
connect the formation yaw waypoints {"rm with a smooth
polynomial ™ (t) obtained by minimizing its second-order
derivatives. The time allocation is generated using (6) with a
modified objective function that includes the constraints from
(9). Based on bo™(t), f™(t), and p™(t), we generate the
trajectory for each of the vehicles, and collectively slow down
all trajectories until the corresponding required motor speeds
remain within the feasible set, similar to (7).

In the MILP-based method, the collision constraints are
included in the minimum-snap optimization as mixed-integer
constraints. The approach from [21] formulates a MILP with
the following vehicle collision avoidance constraints

IPik(t) — Pjsk(t)| > dmin — My i k € {X;y;2};
Yiijik 6)({0;1}; ) =100 Ny; >0
Yiij:k < 3Nv(Nv - 1):2 - 1;
i;jK

(10)

where M is a large number and dy, is the minimum distance
between vehicles. In order to formulate the optimization prob-
lem as a linear program, d;, is included as a component-wise
constraint. If two vehicles are separated diagonally, collision
avoidance can be achieved with a component-wise smaller
distance than dy;,. Therefore, in our implementation, we run
a grid search on dp;, and adjust it separately for different
obstacle configurations.

D. Bayesian Optimization

Bayesian optimization (BayesOpt) is a class of algorithms
that can be used to solve optimization problems with unknown
objective or constraint functions that are expensive to evaluate.
Evaluation points are selected to model the unknown functions
and approach the optimum with maximum efficiency, so that
the total number of evaluations is kept to a minimum.

Within the BayesOpt framework, Gaussian process classifi-
cation (GPC) modeling is widely used to build a surrogate
model that approximates the unknown constraint functions.
Given data points X = {xj;---;xNn} with corresponding
evaluations y = {y1;---;yn}, GPC assumes a joint Gaus-
sian distribution of the evaluations and the latent variables
f= fq;---;fn , and predicts the probability P (y.|y; x.; X)
for a test point x, based on the latent variables. These
latent variables encode label probabilities for the evaluations,
which can be obtained through a mapping onto the probability
domain [0; 1], e.g.,

N (s|0; 1)ds: (11)

The latent variables and the hyperparameters of the kernel
function are trained by maximizing the marginal likelihood
function

P (y; £1X) = IZnP (¥nlfn) P (£IX)
= TTn=1 B(yn |®(Fn) N (F]0; K (X X));
where B(x) is the Bernoulli likelihood used to formulate
®(f) as a probability distribution. The covariance between

X and a test point x, is modeled with the same covariance
kernel, as follows

12)

(X X)K(X5x) .
(%x4; X)K (%43 %)
(13)

. . . K
P(EfxX) =N (0

so that the distribution of the latent variable f, can be
estimated as

z
P(fixsXjy)= P(f.fx X)P(fIX;y)df:  (14)
The resulting class probability is obtained by
z
Py xXiy) = Py f )P (fux;Xiy)dE:  (15)

For more details on GPC and its implementation, the reader
is referred to [23].

The BayesOpt acquisition functionis designed to select
the next evaluation point by considering both reducing the
uncertainty of the surrogate model and finding the precise op-
timum of the objective function. Based on the data D obtained
in previous evaluations, the surrogate model can be trained
to approximate the unknown function. Next, the approximate
optimal solution can be estimated using the trained surrogate
model. Each next evaluation point is obtained by solving the
following optimization problem:

Xpext = argmax (x|D) (16)
X

where (x|D) is the acquisition function that represents the
value of an evaluation point x given the data D. If the surrogate
model is used to approximate an unknown constraint function,
the acquisition function can be based on, e.g., the product
of the expected objective improvement and the probability of
constraint satisfaction [6, [7], or the expected entropy reduction
of the distribution over the solution domain that satisfies the
constraints [11, 19]. In our proposed algorithm, Bayesian
optimization is applied to model the dynamic feasibility and
collision avoidance constraints of the multi-agent planning
problem.

Multi-fidelity Bayesian optimization combines function
evaluations of different fidelity levels. The key idea is that
combining cheap low-fidelity evaluations with expensive high-
fidelity measurements improves overall efficiency. To incorpo-
rate information from multiple sources, the surrogate model
must be modified to combine multi-fidelity evaluations, e.g.,
using a linear transformation to describe the relationship be-
tween different fidelity levels [[13,[16]. Suppose that we have L



where 11 is the level of the lowest-fidelity experiment and
IL is the level of the highest-fidelity experiment, then the
relationship between adjacent fidelity levels 1 and 1~ can
be modeled as

faox)= y 1fp 1(x)+ 4 (x);

where fj (x) and fy 1(x) are the output distributions of x
for ¥ and for 1# =1, respectively. The bias distribution | is

a7

the correlation between the output distributions for the two
adjacent fidelity levels. Similar to the surrogate model, the
acquisition function has to be modified to incorporate multi-
fidelity evaluations. In the multi-fidelity Bayesian optimization
framework, the acquisition function is used not only to select
the next evaluation point, but also its fidelity level, as follows:
(x;1|D):

arg max (18)

x;le{lt;1

Xnexts l next —

The acquisition function itself is modified by introducing
weights based on the evaluation cost at the different fidelity
levels. In practice, high-fidelity evaluations will have smaller
weights compared to low-fidelity evaluations. This makes the
algorithm less likely to select high-fidelity evaluations, so that
the overall cost of the experiments is minimized.

In practice, the acquisition function is often discontinous
or nonlinear and cannot be solved analytically. BayesOpt
generates and evaluates (random) candidate solutions to select
the acquisition function optimum. The required number of
candidate solutions increases exponentially with problem di-
mension. Consequently, BayesOpt for high-dimensional prob-
lems is computationally expensive and often infeasible due
to the prohibitive cost of solving the acquisition function.
In multi-agent planning, the dimension of the solution space
increases linearly with the number of vehicles, leading to
an exponential increase in candidate solutions. Recent works
on high-dimensional BayesOpt focus on decomposing the
high-dimensional space and solving the acquisition function
on each subspace separately. For example, [12, 26] assume
the acquisition function has additive structure so that the
state space can be linearly decomposed into low-dimensional
subspaces, and [17, 14] iteratively select active subsets of
variables and optimize the acquisition function only on the
selected low-dimensional subspace. In our proposed algorithm,
we employ a similar approximation on the high-dimensional
solution space, where the decomposed acquisition functions
correspond to the dynamic feasibility constraints of individual
trajectories (first-order) and to the pairwise collision avoidance
constraints of pairs of trajectories (second-order).

III. ALGORITHM

We propose a BayesOpt framework to efficiently minimize
the total trajectory time maxj=1 Tj of a cooperative multi-
agent trajectory using multi-fidelity evaluations. We leverage
(3) to obtain a mapping from the time allocation over segments
Xj to a smooth minimum-snap trajectory pj = (xi;]:'i)
that satisfies the obstacle avoidance and formation waypoint

constraints. This mapping enables us to transform the infinite-
dimensional trajectory generation problem to the problem of
finding the optimal multi-agent time allocation over segments.
Based on this approach, we reformulate the general multi-
agent minimum-time planning problem (1), as follows:

minimize max T;j (19)
xeR™ Nvo.pi=1;:5Ny
subject to
T g( " 1 ..... N .
A i =1;::05Ny;
R ek )
Xi;j: XT;j’ I’Izl;'.-;NV;kzl;.‘.;Nf
=1 j=1
(Xi;ﬁi)EPTi; |:1|,NV,
(xi; Fi)i (x5 F5) € Froms Bd =100 Ny >

The first constraint in is linear and defines the total
trajectory time. The second constraint, also linear, enforces
that all formation waypoints are attained synchronously. The
two remaining constraints enforce dynamic feasibility of each
trajectory and collision avoidance between each pair of trajec-
tories, respectively. As described in Section[l] it is challenging
to verify these two final constraints. Dynamic feasibility
requires that a trajectory can be flown on the actual vehicles
and depends on the complex dynamics of fast and agile flight
in tight formations. Existing work has already demonstrated
that Bayesian optimization can be used to efficiently model
this dynamic feasibility constraint [27].

Our major contribution pertains to the handling of the
collision avoidance constraint. Since this constraint couples the
optimization variables from different vehicles, the trajectory
optimization should be solved jointly, resulting in a high-
dimensional input domain. As the volume of the data space
increases exponentially with dimension, the required amount
of data also increases rapidly. This curse of dimensionality
prevents the application of standard methods for BayesOpt.
In this section, we provide an overview of our proposed
modular Bayesian optimization algorithm with particular focus
on how we address high dimensionality in the definition of the
surrogate model and the acquisition function.

A. Modular Surrogate Model

In multi-agent planning, the number of variables increases
proportionally to the number of vehicles. Consequently, sur-
rogate model training and evaluation time increase rapidly
as more vehicles are considered. Moreover, modeling perfor-
mance may suffer, even when provisions are made to handle a
large amount of data points, such as by using the inducing
points technique as in [10]. For example, in experiments,
we noticed that a surrogate model may learn only part of
the constraints, e.g., it may represent the dynamic feasibility
constraints well but neglect the collision avoidance constraints.

In this work, we propose a modular surrogate model,
shown in Fig. [T] to address these challenges. Our model is
comprised of several GPC dynamic feasibility constraints and



Algorithm 1: Modular Bayesian optimization with
simultaneous acquisition function evaluation

Input: Surrogate model My;---; My,,
Maio; - s My —1Ny >
acquisition function

size of candidate data points Ng

1 subfunction SampleTraj (i, Ar):

2 X =10

3 | while |X| <N do

4 Xt < Randomly sampled Ng points
5 Rescale At with Xg

6 Remove x € X s.t. I5i(yi =1|x;M;j)<Cy
7 X+ XU X

8 return X

9 function Modular Bayes-Opt():

10 repeat
11 Xr < Randomly sampled Ng points
12 X =Xk
13 while |[X'| <N, do
14 Xt < SampleTraj(1, Ag)
15 fori =2;---;Ny do
16 X < XexSampleTraj(i, Xg)
17 forj =1;---;i—1do
18 Remove x € A% s.t.

L Pii(Yii = 1lx; Mj;i) <Co
19 X +— XU X
20 x| < argmax,cyieqn;.ey (X51D)
21 Evaluate x in |-th fidelity experiment
22 Update dataset Dy;j; Dr;j;j
23 Update the surrogate model

M- s M, s Migzs - S MiN, —N,

24 until convergence of solution

5 | pi e (XL F)Vi=ple Ny

26 T* « maXj=1:...:N, j=1 X
Output: T*, pi;--- PR,

*
ij

collision models. Each surrogate model M consists of the
latent variables f = f; ... ;fn and the hyperparameters
of the covariance matrix, such that M = (f; ). We denote
the dataset consisting of trajectories for vehicle i by D;j.
The corresponding surrogate model M;, trained with Dj,
approximates the constraints that apply solely to vehicle i,
i.e., the obstacle avoidance constraint F7, and the dynamic
feasibility constraint Pr, in (I). Similarly, the dataset Dj;
contains multi-agent trajectories for vehicles i and j, and
the corresponding surrogate model M;;j, trained with Dj;j,
approximates the collision avoidance constraint for vehicles i
and |, ie., Fr;;1; in (D).

In order to leverage evaluations at L fidelity levels, we fur-
ther expand the definition of the surrogate model by defining

the model at fidelity level | as
(20)

We then use the multi-fidelity deep Gaussian process
(MFDGP) from [2] as covariance kernel function to estimate
the multi-fidelity GP prior. Uncertainty quantification compu-
tations are accelerated using the inducing points method.

B. Acquisition Function

We use the acquisition function from [27] to consider both
explorationto improve the surrogate model and exploitation
to find the optimal solution. In exploration, we select the
most uncertain sample near the decision boundary of the
classifier [1]]. Since the latent function mean approaches zero at
the decision boundary, this sample is found as the maximizer

of
R i) MOH R

im0

| a(xi; %)l
1(xisxj)

explore(x; |) = -
i=1 j=i+1

21
where ( |(Xi); |(Xi)) and ( |(Xi;Xj); |(Xi;Xj)) are the
mean and standard deviation of the |-th fidelity models’
posterior distributions P (f |xi; Dy;i) and P (f |xi;%j; Dri:j)
obtained from (T4).

In exploitation, we utilize expected improvement with con-
straints (EIC) to quantify the expected effectiveness of a
candidate data point based on the product of expected objective
improvement and the probability of feasibility [6]. In order
to discourage overly optimistic evaluations, we modify EIC
to not only consider the probability of success, but also the
corresponding variance, as follows:

P(yi =1xi) =P(1(xi) — 11(xi) > 0[xi);  (22)

P (Yiij = Llxisxj) =
P(i(xirxj) — 1 i(xirxj) > 0[xi; xj); (23)
where | is the penalty weight on the variance. The probability

that a set x of time allocations for all vehicles is feasible is
computed as

Bily = 1[x) = (24)
i=1 i=1 j=i+1

where P~I;i = |5(y|;i = I‘Xi) and |5I;i;j = |5(y|;i;j = I‘Xi;Xj).

The resulting acquisition function is then given by

2 e(®)Pily =1x); if Vi #j; Py > h;

> I:)I;i;j > h|

T 0; otherwise

exploit(x; I) =

(25)
where the bound h; serves to avoid evaluations that are likely
infeasible. Since the objective function is deterministic, so is

the expected improvement, given b
p p 0 g g Yy 0 1

X
x @

v

X
E1(x) = max @ x;A -

A
i=1iNy i=1 Xij (26)



where Xijj is a j-th element of i-th vehicle’s time allocation
Xj, and X is the current best solution.
Finally, we combine (2I)) and (23) to obtain

(
(x;1) =

if 3x € Xs.t. epione(x;1) > 0
otherwise

exploit(x; |),
explore (X; |)|

(27
where X is the set of sample trajectories generated in Algo-
rithm [11

C. Simultaneous Acquisition Function Evaluation and Ran-

dom Sampling

It is often not possible to find the next data point and
its fidelity level by explicitly solving (18). Instead, a typical
course in BayesOpt is to first sample a set of candidate data
points and then evaluate the acquisition function at all of these
data points in order to select the next evaluation point. This
method works well in many practical scenarios, but may be
problematic when optimizing over a high-dimensional space
because the amount of candidate data points required to obtain
a reliable result increases exponentially with the dimension.
Moreover, the computational burden of each evaluation of
the acquisition function, which requires evaluation of (13),
increases with the size of the surrogate model and may even
surpass the cost of actual evaluation of the data point with
regard to the objective and constraints of (T9).

In order to improve sampling efficiency, we propose to
combine the random sampling and acquisition function evalu-
ation steps. This procedure and the resulting BayesOpt frame-
work are detailed in Algorithm [I] First, we generate a set
Xg of random samples for the time allocation between the
formation waypoints. Then, we sample the candidate data
points for each vehicle sequentially and obtain the poste-
rior distribution P (y; = 1|xj;Dj), which is used in the
acquisition function evaluation. When sampling the candidate
data points, Xr is used to rescale the time allocations for
each vehicle in order to ensure that the formation waypoints
are attained synchronously. Next, the data points with low
posterior probability, i.e., those that are least likely to satisfy
the dynamic feasibility constraint, are removed from the set
of candidate points. Using the remaining data points, we
generate pairwise combinations and estimate the distribution
P(yi;j = 1|xi;xj;Di;j) corresponding to the probability
that the collision avoidance constraints are satisfied. Again,
we remove data points with low posterior probability. The
parameters C; and C, correspond to the cutoff levels of the
rejection sampling steps and are adjusted based on the sample
acceptance rate of the previous iteration.

Once the set X of candidate data points is obtained, the
next evaluation points are selected based on (27). At each
iteration, the number of evaluation points is adjusted based
on the computational cost of the evaluations in the previous
iteration. The evaluated points are decomposed into and ap-
pended to the datasets Dj and Dj;j that are used to update
the surrogate models M;, M;.j. We use the minimum-jerk

approach proposed in [27] to generate smooth samples at all
random sampling steps.

D. Initialization and Pre-training

An initial best solution is found by solving (6) and (7) for
each vehicle individually. Since the resulting solution does
not satisfy the constraint that all vehicles attain the formation
waypoints at the same time, we adjust the time allocation for
segment j along the trajectory for vehicle i as follows:

P
Ny e:elk Xig
Xi:j %Xi;jP—PI;NV Gt o )
i=1  j=e (K}

(28)

where j € [€x; €k+1), so that all vehicles simultaneously attain
the next formation waypoint. Finally, we uniformly increase
the time allocation to slow down the trajectories until all satisfy
the dynamic feasibility constraints and obstacle avoidance
constraints again. We note that the resulting initial solution
is not necessarily feasible, because it may not satisfy the
collision avoidance constraints. However, we found that it does
represent a good starting data point around which we sample
to obtain the initial data set and build the surrogate models.
We also use the initial best solution for the normalization
of the data points. By scaling the time allocation for each
trajectory segment using the corresponding value in the initial
solution, we maintain solution values of a similar scale, which
improves the numerical stability of the training process.

IV. EXPERIMENTAL RESULTS

The proposed algorithm is evaluated in various computa-
tional and real-world experiments. First, we focus on gen-
erating multi-agent trajectories using single-fidelity Bayesian
optimization. We use a simple feasibility check based on the
flatness transform, as described in Section II-B. The resulting
trajectories, which include challenging obstacle configurations,
are compared to results from the two baseline methods de-
scribed in Section

Next, we extend the experiments to multi-fidelity Bayesian
optimization. Evaluations based on differential flatness now
serve as a low-fidelity dataset, while a more realistic 6-DOF
flight dynamics simulation is used to generate high-fidelity
data. The results demonstrate that our algorithm is capable
of learning the direction of the anticipated trajectory-tracking
error and considers this direction when modeling the collision
avoidance constraints.

In both the single-fidelity and the multi-fidelity experiments,
we use the six environments with obstacles shown in Fig. 2]
and obtain dynamically feasible multi-agent trajectories that
synchronously attain the specified formation waypoints and
avoid obstacles and collisions. We validated all six trajectories
in real-world flight experiments using four quadcopter vehicles
in a motion capture space. A video with animations and
recordings of the computational and real-world experiments
is included as supplementary material.



Fig. 2: Single-fidelity trajectory optimization results. Start and end points are indicated by green and red circles,
respectively. The synchronized formation waypoints are indicated by gray circles.

A. Single-Fidelity Optimization

In the single-fidelity optimization we verify satisfaction
of the collision avoidance constraints based on the planned
trajectories and of the dynamic feasibility constraints based
on the motor speeds obtained using the differential flatness
transform. We set the parameters of the acquisition functions
(23) and @23) to C;, = 1, h;, = 0:001 and |, = 3:0
and initialize the adaptive sample rejection thresholds C;
and C, to 0.8. Tuning these parameters mainly affects the
computation time and not the actual optimization result, since
the parameters mainly affect the efficiency the sampling pro-
cess. Besides the extreme case where every random sample is
rejected, the accepted samples update the surrogate model to
arrive at the same optimal solution. At each iteration, these
thresholds are adjusted by 1% until an acceptance rate of
0.25 is achieved. The minimum distance between vehicles is
set to 40 cm, measured from centroid to centroid. For each
of the six environments, we run 200 iterations of Bayesian
optimization. At each iteration, the 128 samples with the
highest expected improvements based on are selected for
evaluation. The relative flight time with regard to the initial
best solution (which does not consider collision avoidance)
for each iteration is shown in Fig. 3, and the final optimized
trajectories are shown in Fig. [

The optimized multi-agent trajectory is defined by the time
allocation over the trajectory segments for each vehicle. Fig.
shows that each trajectory exploits the polytope shapes to
avoid collision with other vehicles and obstacles. By increasing
the time allocated to a segment, the trajectory can be shifted or
a loop can be introduced (e.g., in Trajectory 4) to allow other

Fig. 3: Relative flight time of single-fidelity optimized trajec-
tories compared to the initial best solution.

vehicles to pass. Similarly, in the later part of Trajectory 3, two
of the agents (the brown and pink trajectories) perform large
turns, which allows the other two agents to “catch up” so that
all agents reach the final formation waypoint at the same time.
The wide turns allow the vehicles to “wait” with minimum
extra control effort. In addition to the time allocation, we
also attempted to optimize the polytope entry and exit points.
However, this requires three times more optimization variables
and was found to result in inferior results for the same number
of iterations.

We compare the optimization results to the two baseline



