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Abstract—Ensuring safety and robustness of robot skills is
becoming crucial as robots are required to perform increasingly
complex and dynamic tasks. The former is essential when
performing tasks in cluttered environments, while the latter is
relevant to overcome unseen task situations. This paper addresses
the challenge of ensuring both safety and robustness in dynamic
robot skills learned from demonstrations. Specifically, we build
on neural contractive dynamical systems to provide robust
extrapolation of the learned skills, while designing a full-body
obstacle avoidance strategy that preserves contraction stability
via diffeomorphic transforms. This is particularly crucial in
complex environments where implicit scene representations, such
as Signed Distance Fields (SDFs), are necessary. To this end, our
framework called Signed Distance Field Diffeomorphic Trans-
form, leverages SDFs and flow-based diffeomorphisms to achieve
contraction-preserving obstacle avoidance. We thoroughly evalu-
ate our framework on synthetic datasets and several real-world
robotic tasks in a kitchen environment. Our results show that our
approach locally adapts the learned contractive vector field while
staying close to the learned dynamics and without introducing
highly-curved motion paths, thus outperforming several state-of-
the-art methods.

1. INTRODUCTION

Teaching robots skills has been a key challenge in robotics
research for over four decades [40]. The dominant paradigm
involves learning robotic skills through expert examples,
commonly referred to as Learning from Demonstration
(LfD) [3, 8, 53, 60]. By enabling robots to execute
complex motion skills, LfD has led to numerous promising
methods [7, 17, 21, 51] with applications in flexible
manufacturing [16, 59], household environments [51, 69],
human-robot collaboration [31, 57, 58], and robot-assisted
minimally invasive surgery [64], among many others.

For safe operation in human-centric and dynamic settings,
learned skills must be stable and reliable, avoiding unex-
pected movements under unseen situations such as different
task conditions or external perturbations. This highlights the
importance of stable LfD skills [53]. Early efforts to ensure
stability in LfD focused on asymptotic stability criteria, of-
ten leveraging Lyapunov stability [12, 25, 51, 68]. While
Lyapunov stability primarily ensures asymptotic point-wise
stability, many robot skills require following complex task-
relevant trajectories. To address this limitation, researchers
have conceptualized a more general stability criterion, namely
the contraction property of dynamical systems, which guar-
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Figure 1: Overview of the proposed Signed Distance Field Diffeo-
morphic Transform: (/) A neural contractive dynamical system; (2)
A learned implicit distance function; (3) A barrier function, and (4)
a contraction-preserving diffeomorphic transform.

antees exponential convergence to a trajectory [38, 67]. This
concept has been recently leveraged in LfD frameworks, where
a robot skill, represented by a first-order dynamical system, is
endowed with a contractive behavior [4, 9, 54, 62].

In addition to stability, ensuring safety is paramount. This
often demands integrating obstacle avoidance into robot skills
while still providing stability guarantees. In the context of
contractive systems, Huber et al. [18] introduced the Mod-
ulation Matrix (MM) method to preserve contraction stability
during obstacle avoidance. Subsequently, Beik-Mohammadi
et al. [4] applied this approach to neural contractive dynamical
systems (NCDS), enabling stable collision-free motion in
the robot’s task space. Despite these advances, articulated
robotic arms require whole-body obstacle avoidance. While
traditional methods like artificial potential fields [27] and
recent approaches like Diffeomorphic Transforms (DT) [71],
tackle this problem via robust joint-space obstacle avoidance
solutions that account for asymptotic stability, they do not
consider contraction stability guarantees. Therefore, preserving
contraction during whole-body obstacle avoidance remains
largely unexplored, posing a key challenge for robot motion
control, which we address in this paper.

When considering cluttered and dynamic environments,
such as household settings, conventional obstacle representa-
tions using simple geometric primitives are insufficient [4, 19],



as they rely on coarse approximations and may not be easily
integrated with neural architectures. Instead, a differentiable
implicit distance representation is more advantageous as it
facilitates a fine-grained, real-time, and resource-efficient so-
lution, while being seamlessly integrated with other neural
network architectures. This has led to the rise of Signed
Distance Fields (SDF)s [15, 22, 45, 47], which have recently
been leveraged to learn articulated robot surfaces [11, 30, 36].
In these approaches, the SDF is a function of the robot’s joint
state, capturing the continuous robot geometry over its entire
configuration space. Still, integrating implicit representations
with contraction-preserving obstacle avoidance remains an
open problem. To bride this gap, we propose to combine
the robustness of contraction stability with the precision of
implicit representations for efficient and safe whole-body
obstacle avoidance.

Specifically, this paper introduces a novel framework, the
Signed Distance Field Diffeomorphic Transform (SDT),
for contraction-preserving obstacle avoidance based on an
implicit scene representation. The key contributions of this
work are:

1) Contraction-Preserving Implicit Obstacle
Avoidance: We introduce a new method for achieving
contraction-preserving obstacle avoidance in contrac-
tive dynamical systems by leveraging DT, SDF tech-
niques, and barrier functions. First, we define an in-
finitesimal generator derived from the robot’s implicit
representation and regulate it using barrier functions.
Second, using the resulting vector field, we construct
a flow that reshapes the contractive dynamics, either
through a differential coordinate change, or by
applying a standard coordinate change via a pullback.

2) Obstacle Avoidance Metrics: We introduce a set of
quantitative metrics to assess obstacle avoidance per-
formance, focusing on flow curvature and vector field
misalignment of the modulated contractive motion.

3) Experiments: We extensively evaluated our
framework on the 2D LASA dataset [25] and
on two real-world tasks in a kitchen environment:
(1) EMPTYING A DISHWASHER; and (2) OPENING
A DISHWASHER. We also provide a comprehensive
comparison among various SDF methods and obstacle
avoidance approaches including Modulation Matrix
(MM), DT and artificial potential functions.

II. RELATED WORK

A. Learning Contractive Dynamical Systems

The use of contractive guarantees in learned dynamical
systems is a growing trend in robot motion skill learning. In
general, contraction guarantees can be introduced into the skill
model via three methods: (i) As a regularizer or constraint on
the main skill learning objective [54, 55]; (ii) As a contraction
metric designed to stabilize a non-contractive skill [65, 66];
and (iii) By learning a skill model that is contractive by

design [1, 4, 23, 5]. The latter strategy is the one we follow in
our framework as it provides stronger theoretical and practical
guarantees. We review this set of works in more detail next.

Beik-Mohammadi et al. [4] introduced Neural Contractive
Dynamical System (NCDS), which inherently embeds the con-
traction property within a Neural Network (NN), thus avoiding
regularizers or a separate model for learning a contraction
metric. NCDS was later extended with regularizers controlling
the system’s contraction rate, in addition to conditioning on
task variables and providing contraction-preserving obstacle
avoidance via pullback Riemannian metrics [5]. Similarly,
Jaffe et al. [23] presented an inherently contractive model,
which leverages diffeomorphisms between the data space
and a latent space to provide global contraction guarantees.
Another approach is followed by Abyaneh et al. [1], who
propose learning an inherent contractive dynamical system
via recurrent equilibrium networks and coupling layers. We
build upon previous work to learn a contractive dynamical
system via NCDS. However, our approach can be seamlessly
integrated with any contractive dynamical system. Thereby, we
address the contraction-preserving obstacle avoidance prob-
lem, which has been largely overlooked in previous works
except in [4, 18].

B. Stability-Preserving Obstacle Avoidance

Applying reactive obstacle avoidance in LfD settings re-
quires careful consideration to ensure safe and robust robot
behavior, particularly when motion skills are encoded as
stable dynamical systems. To address this, Khansari-Zadeh and
Billard [26] enhanced the Harmonic Potential Function [28],
which uses potential flows from fluid mechanics for obstacle
avoidance, to ensure that asymptotically-stable dynamical sys-
tems maintain stability via an MM. Later, Huber et al. [18]
demonstrated that this approach can also preserve contraction
guarantees, even for concave obstacles [19, 13]. While Huber
et al. [19] primarily relied on simple geometric primitives
for obstacle avoidance, Fourie et al. [13] employed learned
obstacle representations of the entire robot configuration space
combined with MM. Their work, conducted in parallel to our
research, preserves asymptotic stability but did not address
contraction stability guarantees.

Building on prior work in learning stable dynamical systems
via diffeomorphisms [44, 51, 68, 70], Zhi et al. [71] introduced
the DT method, which defines an obstacle-avoidance diffeo-
morphism via a flow field. This diffeomorphism transforms
the learned dynamics while providing asymptotically-stable
obstacle avoidance. Importantly, the DT method also accounts
for joint-space stable skills using the Moore-Penrose inverse
and the robot’s forward kinematics. This work, however,
shared a limitation with some of the foregoing approaches:
A focus on asymptotic stability rather than the more general
contraction property. In summary, whole-body obstacle avoid-
ance methods that preserve contraction, especially in complex
scenes, presents a significant challenge that, to our knowledge,
remains unresolved.



C. Implicit Robot Representations

Capturing the robot’s spatial structure is essential for
enabling effective obstacle avoidance, preventing self-
collisions, and facilitating physical interaction. In this context,
implicit representations provide a powerful way to model a
robot’s shape and volume. For example, SDFs provide an
implicit, memory-efficient, and computationally fast surface
representation. Studies by Li et al. [36] and Chen et al.
[11] demonstrate that SDFs offer significant advantages over
geometric primitives by providing a higher level of detail,
facilitating precise interaction.

The use of implicit representations for articulated kinematic
chains is particularly challenging as the configuration of the
robot’s structure in the workspace varies as a function of the
robot joint position. In this case, each robot link can be mod-
eled by separate SDFs using architectures such as NNs [30]
and Bernstein polynomial basis functions (BP) [36], or the
entire robot body can be represented using a single model [37],
all of which yielding smooth surfaces. Notably, Li et al
[35] observe that learning the Euclidean distance between the
robot surface and a workspace query point is highly non-
linear in configuration space. To mitigate this, they propose
computing the distance in configuration space, leading to the
Configuration Space Distance Fields (CDF) method. While Li
et al. [35] and Marticorena et al. [43] made obstacle avoidance
for point-to-point motion possible using SDFs and a QP solver,
no existing approaches, to the best of our knowledge, perform
contraction-preserving obstacle avoidance with SDFs.

III. BACKGROUND
A. Contraction Stability

We are interested in learning contractive robot motion
skills, as contraction provides a rigorous and general stability
certificate for robust generalization. Intuitively, contraction
stability studies the evolution of two trajectories of a dynam-
ical system given different initial conditions [38]. In other
words, contraction implies that a dynamical system “forgets”
its initial conditions rapidly, with the distance between any
two trajectories decreasing exponentially over time. Formally,
consider two trajectories 7; and 7; generated by a dynamical
system of the form x; = f(x;), where x; € R” is the system
state, f: RP — RP, and %; = dx/q:. Using their virtual dis-
placement éx = 7; — 7;, the squared distance between the tra-
jectories corresponds to dx ' §x [38]. Contraction theory cares
about the evolution of this distance, i.e., its rate of change,

d

dt
where 0% = J;(x)dx, with J¢(x) = 9f/ox. Lohmiller and
Slotine [38] show that a dynamical system exhibits contraction
if the largest eigenvalue Apax of the symmetric part of its
Jacobian is uniformly and strictly negative. Therefore,

(6x"ox) = 20x " 6% = 20%x " I (x)0x, (1)

d
&(5XT5X) < 2DA\pax 0% 1 X = l6%| < [|0x0lle”®, (2)

which means that the virtual displacement
exponentially to zero with contraction rate o [38].

decreases

Definition 1 (Contraction stability [38]). A dynamical system
%; = f(x;) is contractive if its Jacobian J§ = g}é is uniformly
negative definite for all x € R™ and at all times ¢ > 0. This

means that,
1{af [of\"
5@&*(&))5M<0
(3

Definition 1 can be generalized to account for a more
general distance definition, namely §x ' G (x)dx, where G (x)
is a Riemannian metric [32, 61]. This also allows us to analyze
the contractive behavior of a dynamical system under a coor-
dinate change via a smooth diffeomorphism y = 1 (x). The
corresponding differential change in coordinates is given by
0y = Jydx, where Jy, is the Jacobian of the diffeomorphism
1b. Manchester and Slotine [41] demonstrated that contraction
is invariant under such coordinate changes.

Ja >0, ¥x, YVt >0,

Theorem 1 (Invariance under coordinate change [41]). If
Definition 1 is satisfied for a dynamical system, then it is
preserved under the following transformations:

1) Affine feedback transformations u(x,v) = a(x) +
B(x)v, with B(x) being a smooth nonsingular n X n
matrix function;

2) Differential coordinate changes &, = J(x)dx, where
J(x) is a nonsingular matrix for all x, and induces
a new contraction metric,

Gy (x) = Jy(x) " G(x)Jy (x); C

3) Coordinate changes y = #(x), where 1 is a diffeo-
morphism, with corresponding contraction metric Gy,.

Given a contraction metric as stated in Theorem 1, we
can also determine whether a given system is contractive by
following the results in [67].

Theorem 2 (Contraction conditions [67]). Assume
that a uniformly positive definite matrix G(x,t) =
Jy(x)"Jy(x) = O exists, ¥x,t, where J,(x) defines a
smooth coordinate transformation of the differential éx, i.e.,
dy = Jy(x)dx. The following equivalent condition holds
for a € R+ and ¥x, ¢,

of  of'

G+G8_x+8_x

then all solution trajectories of the system converge ex-
ponentially fast to a single trajectory, irrespective of their
initial conditions, with an exponential convergence (con-
traction) rate .

G < —2aG, 5)

B. Flow-based Diffeomorphisms

As contraction is preserved under a change of coordinates,
we leverage this to design obstacle-avoidance behaviors based



on diffeomorphic mappings, which we revise next. A diffeo-
morphism : Y — X is a smooth, bijective map with a
smooth inverse, thereby providing a coordinate transformation
between two differentiable manifolds ) and X. According
to Lee [33, Theorem 9.12], any such diffeomorphism can be
realized as a flow generated by an infinitesimal generator V,
often represented as a vector field on a smooth manifold.
Specifically, let V: R? — R? be a time-independent vector
field and the flow v: R x R? — R? be defined by,

Yty)=y+ /0 V(v(u,y)) du=x. (6)

This flow (¢, y) provides the position x at time ¢ of a
trajectory starting at y when ¢ = 0. For each fixed time ¢, this
flow defines a diffeomorphism ¢): Y — X by ¥ (y) := v(¢,y).
Therefore, the flow defines an invertible mapping, whose
inverse can be computed by reversing the direction of time,

0
V(y(u,x))du =y. (7

—t

7(7@ X) =X+

Note that this flow-based diffeomorphism ¥ (y) := ~(¢,y)
maps the initial point y € ) to the point x = (¢, y) € X.
Furthermore, given a vector field f: X — T X, where f(x)
assigns a tangent vector in 74X to each point x € X, we can
use 7 to pullback f to a vector field on Y. Specifically, let
Jy be the Jacobian of 1), then the pullback of f via 9 is,

v =3, (@), ®)

thereby transforming tangent vectors on X to corresponding
tangent vectors on ) [33].

C. Signed Distance Fields (SDFs)

Representing objects as meshes or point clouds is often
inefficient due to high memory requirements and redundant
information [47]. Moreover, these discrete representations lack
smoothness and differentiability as they approximate surfaces
with sampled points or polygons. To overcome these lim-
itations, SDFs offer a compact, smooth, and differentiable
representation. An SDF defined by I'spr: R? — R, encodes
the objects surface through the minimum distance dy;, from
a point x € R? to the surface using a smooth function [47].
Three regions can be identified: Free space H/ = {x ¢ R? |
I'spr(x) > 0}, surface boundary H* = {x € R? | I'spp(x) =
0}, and interior H* = {x € R? | T'spr(x) < 0} (see Fig. 2 for
an illustration).

Note that this approach decouples spatial resolution from
memory usage, enabling high-resolution reconstructions with
fast inference [42]. Park et al. [47] propose using a Multilayer
Perceptron (MLP) to model the SDF, offering a lightweight
and efficient model. Additionally, piecewise polynomial rep-
resentations enable continuous surface modeling [49]. Marié
et al. [42] extend this by employing BP basis functions which
enables smooth surfaces that can be incrementally refined.

Fgprlz)
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Figure 2: Illustration of a
2D SDF: Contour lines of
an star-shaped SDF with
the distance I'spr to the
obstacle surface, depicted
as a solid red line.
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IV. CONTRACTION PRESERVING OBSTACLE AVOIDANCE

Here we introduce our contraction-preserving obstacle
avoidance method. First, we explain the contractive dynamical
system used in this paper. Later, we describe the contraction-
preserving obstacle avoidance method.

A. Learned Contractive Dynamical System

Consider a contractive dynamical system X = fncps(X),
where x represents the first-order time derivative of the system
state x. From Theorem 2, we know that if the symmetric part
of the system dynamics Jacobian Jp. is negative definite,
our dynamics is contractive. Beik-Mohammadi et al. [4] pro-
pose directly learning this Jacobian to intrinsically embed the
contraction property into fncps. Specifically, the Jacobian is
modeled with parameters 8 as,

ijCDS (X) - *(JB(X)TJB(X) + 6)a 9

where Jg(x): R? — R represents the square root of the
Jacobian, thus ensuring symmetry. The small positive vector
€ > 0 guarantees that the eigenvalues are bounded by —e [4].
Given the negative-definite Jacobian (9), the contractive dy-
namics is obtained via the calculus for line integrals [39],

x = fueps(x)

. e . (10)
=Xg+ / J focos (c(x, t, xo))c(x, t,xq)dt,
0

where,

C(Xa t,Xo) - (1 - t)XO + tx, (11)

and x; is the initial system state [4]. The velocity x; is
computed using a numerical integral solver given x; [4, 10].

When learning robot skills via NCDS, we have two options:
Learning the NCDS in joint space C or instead, encoding
the skill in task space A". In the latter case, NCDS uses Lie
groups to represent the end-effector orientation in SO(3) [4],
and employs its Lie algebra 50(3) to obtain skew-symmetric
matrices w € s0(3) [20]. The mapping between SO(3) and
50(3) is defined via the exponential and the logarithmic map.
To train a NCDS model, the loss function minimizes the
average reconstruction error between the true next state x; 1
and the predicted next state X; 1 = x; + fctH 41,

é(X, t,Xo) = X — X0,

T,—1
1 5
Liac = T_n ; Ixeq1 — (x4 +Xt+1)H2- (12)
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Algorithm 1: NCDS Training in Joint Space

. NT, 1
: Demonstrations: 7 = {Qn+ },, 21 —o»

where n € [1,N], t € [1,T,,], and
initial parameters @, initial regularizer €
Output: Learned Jacobian network parameters 8,
learned regularizer €
1 while not converged do
2 for each demonstration n € N do
3 for each time step t € T,, do
4
5

Input

Calculate J ., of the NCDS with Eq. (9)
Define the contractive dynamics fncps with
Eq. (10)

6 Train the Jacobian network by solving:
0*5 € = argmin&E (ﬁlac + BELE + Bnoiseﬁnoise)

In addition, a state-independent regularizer is added to opti-
mize the eigenvalue bound € = [e1, -, ep] as follows [5],

D
— Z ler — enl?.
n=2

To enhance the local contraction properties of NCDS, we
propose an additional noise-injected reconstruction loss,

o

which acts orthogonally to the direction of motion x, with
x; ~ N(xi,3%,), representing noise injected in the di-
rections perpendicular to the movement. Our regularizer en-
courages NCDS to be robust against orthogonal perturbations,
thereby implicitly improving its local contractive behavior. The
total loss is £ = ﬁ]ac + BELE + Bnoiseﬁnoise, with BE and Bnoise
being weights balancing the losses influence. NCDS training
is summarized in Algorithm 1. Additionally, Fig. 3 illustrates
a vector field learned by NCDS.

(13)

Lnoise = (14)

TR
X¢t1 — (XtJFXt)H )

B. SDF-based Diffeomorphic Transform

Our obstacle avoidance method consists of two compo-
nents: An intrinsic representation of the robot surface and a
contraction-preserving transformation of a contractive vector
field f.. The latter can be: (/) A learned joint-space NCDS

0.60 Figure 4: Illustration
of a learned RDF
showing the contour
lines of the robot’s
SDF for a Franka-
Emika Panda robot
grasping a plate. The
contours indicate
the distance I'rpr to
the robot’s surface.
The inner gray mesh
shows the learned
robot surface R.

0.00

fneps(Q); (2) A learned task-space NCDS fueps (x) mapped
to joint space; and (3) Any differentiable contractive dynamical
system in joint space. Next, we describe the implicit repre-
sentation of the robot surface, which provides the basis for
deriving the infinitesimal generator for obstacle avoidance.

1) Implicit Robot Representations: 'To achieve obstacle
avoidance, one must know the minimal distance d,,;, between
the scene surface S and the robot surface R. Therefore we
start by learning an implicit representation of d.;,,. There are
two ways to achieve this: (/) A learned SDF of the robot
and; (2) A learned SDF of the scene. To learn a SDF for
the scene, we refer the reader to the established approaches
in [15, 45, 47]. On the other hand, the distance w.r.t the robot
surface can be defined by dpy, = Trpr(X,q), given a query
point x and the robot state q € C [11, 30, 36]. This implicit
robot representation is called Robot Signed Distance Fields
(RDF). We follow the approach from Li et al. [36] and define
the RDF as,

T'ror = mln(FQI; FQE} a3 FQTK)a (15)

with T'or ,k = 1,...,K, and TI'ypr defining the SDF of
K links in the robot base frame r. Thereby, each link is
transformed via the robot’s kinematic chain "T%(q) € SE(3)
from the frame of the k-th link to the base frame, resulting
in Tor(x,q) = Dor("Tk(q)x) [36]. Given the SDF I'g,
(e.g., a grasped object) and its corresponding transformation
"T,(q) € SE(3) to the robot base frame, we can easily extend
the RDF by adding the transformed g to the min operation
in Equation (15). We choose BP to learn the SDF ng of each
link % as it provides a particularly smooth surface. However,
any other SDF method can be used. An exemplary learned
RDF with a grasped plate is shown in Fig. 4.

Alternatively, Li et al. [35] propose learning joint-level
distances rather than Euclidean point-to-surface distances,
leading to the CDF with corresponding implicit distance
function I'cpg. The CDF measures the distance in radians,
corresponding to the movement of joint angles towards the
zero-level configuration set q*, resulting in [35],

Lepr(x, q) = Igin(q —q°). (16)
CDF solves the inverse kinematics problem in a single step by
updating the current robot joint configuration along the CDF
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gradient toward the zero-level configuration set q* via,

q" = q— Tepr(x,q)Vqlenr(x, q). (17

However, a limitation of this approach is that extending the
CDF with an object’s SDF, such as that of a grasped object, is
not as straightforward as in the RDF framework. Accomplish-
ing this would require training a new model or incorporating
additional conditioning into the existing model. In this work,
both RDF and CDF are employed and compared. In the
following, we use the term Ispr(x,q) to denote a general
implicit distance function between the scene and the robot.
When referring specifically to the robot’s implicit distance
function, we denote it by I'g. Analogously, I's is used for
the implicit distance function of the scene.

2) Implicit Infinitesimal Generator: For obstacle avoidance,
the gradient V I'spr determines how the robot joints should
move away from obstacles. Thus, this gradient acts as an
infinitesimal generator V. To ensure strict collision avoidance,
we use an inverse barrier function by, (%, q), similarly to [29].
This barrier is defined as follows,

binv(xa Q) - (18)

Tspr(x, q)
which is combined with the gradient, leading to the infinitesi-
mal generator V = biny Vql'spr. As I'spr — 0, then by, — o0,
ensuring collision avoidance. When [I'spr — oo, then by, —
0, canceling the effect of the obstacle avoidance gradient
V qL'spr. The introduction of this barrier function is motivated
by the fact that SDFs are often learned via the Eikonal loss,
enforcing ||VxI'spr(x,q)|| = 1 [47]. Thus, gradients remain
non-negligible even far away from the obstacles. Figure 5
illustrates the resulting vector field for a geometric primitive
following the aforementioned approach.

We can make the barrier function more general by adding
tunable parameters like a safety threshold #gy. and a scaling
factor sgr,q as follows,

Sgrad
Lspr (x,q) —
Moreover, we also propose to leverage swept features, aimed
at weighting movements towards and tangential to the obstacle
while ignoring those away from it, using the dot product
Adneps - Vql'spr. To do so, we need to distinguish whether

binv (X; Q) - (19)

save

the SDF of the scene I's or of the robot 'z is used, since
the corresponding velocity fields and gradient direction may
differ. Specifically, if I'r is employed, then the gradient of
I'r and f; point in the same direction when moving towards
the obstacle and point in opposite directions when moving
away from it. If I's is used, this phenomenon is the opposite.
For the implicit distance function of the robot and the scene,
swept-augmented barriers are defined as,

) VoI

leCDs q R(X,Q) >, (20)
|[aneps| [Vql'r (%, q)]

) VoI

leCDs q S(X,Q) ) 1)
|[aneps| [Vqls(x, q)

Although the foregoing barrier functions can be used inde-
pendently, it is possible to leverage the properties of both
barrier functions (18) and (20) or (21) by simply defining
b(x,q) = binv(X,q)bswept(x, q). Given the barrier function
b(x,q), the infinitesimal generator results in,

V(x,q) = —b(x,q)Vql'spr(x, q).

3) Contraction-Preserving Differential Coordinate Change:
Given the infinitesimal generator V (22) obtained from the
SDF introduced in Section IV-B2, we know the joint directions
that locally maximize obstacle avoidance. Directly forcing the
robot away from the obstacle via,

4= fe(a) = fe(@) — b(x,)Vqlspr(x, q),

as proposed by Ravichandar and Dani [52], could violate
the contraction conditions of Theorem 2. This is because the
b(x,q)Vqlspr(x,q) term is not guaranteed to be negative
definite, potentially leading to unstable behaviors.

To achieve obstacle avoidance without breaking contraction
stability, we propose reshaping the contractive flow f. around
the obstacle by defining a mapping to a new obstacle-free
manifold Y that preserves contraction. To do this, we lever-
age Theorem 1, which tells us that contraction is preserved
under coordinate transformations or diffeomorphisms. Thus,
we cast the contraction-preserving obstacle avoidance problem
as finding a diffeomorphism that reshapes our contractive
dynamical system f. around the obstacle as a function of the
gradient of its implicit representation V4I'spr. As explained
in Section III-B, a diffeomorphism ¢ can be designed from
a flow. If such a flow is differentiable, it is thus a valid
diffeomorphism.

We propose to leverage the flow generated by the infinites-
imal generator (22). Specifically, using the flow : Y — C
as defined by Equation (6), we transform the obstacle-free
manifold y € Y into the configuration space q € C as follows,

1
bswept,R (Xa q) - 5 (1 +

1
bswept,S (Xa q) - 5 (1 -

(22)

(23)

Y(x,y) =v(x,y,t) =q,

t
=y — / b(X, ’}/(X, Yy, U))VyFSDF (Xa FY(Xa Y, u))du
° (24)

Similarly, the corresponding inverse flow is,
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Given the diffeomorphism (24), we can carry out a differ-
ential coordinate change,

Sy =Jy 'éq, (26)
using the Jacobian of the flow J,,. We refer to this transforma-
tion as Signed Distance Field Differential Coordinate Change
(SDDC). Based on Theorem 1, which states that contraction
is preserved under differential coordinate transformations, we
conclude that the transformed system fsppc 1S contractive.
This therefore ensures that the robot can successfully avoid
obstacles while preserving the stability of the underlying skill.

4) Contraction-Preserving Diffeomorphic Transform: In
Equation (26), we consider only the differential coordinate
change, which captures how velocity and direction transform
under the diffeomorphism ). However, to fully account for
geometric properties (e.g., lengths, distances, and angles), we
must consider the Riemannian metric of the obstacle-avoiding
manifold Y induced by v [32]. By applying the diffeomor-
phism 1, the original dynamics f., defined on C, can equiva-
lently be described on the obstacle-avoiding manifold ) via,

Jy(y) Hfe(W(x,y)).

where J, denotes the Jacobian of ). We refer to this
transformed dynamical system as Signed Distance Field
Coordinate Change (SDC). This coordinate change also
induces the Riemannian metric Gy = JJJ o> which
characterizes the local geometry on ) and corresponds to the
contraction metric. A proof of this equivalence is provided in
Appendix B4. To show that contraction is invariant under a
change of coordinates we can use Theorem 1. Consequently,
the proposed SDC preserves the contraction property. We
illustrate our contraction-preserving obstacle avoidance
methods SDDC and SDC using a toy example in Fig. 6a.
This example shows that, given an obstacle, the original
vector field f. from Fig. 3 is reshaped around the obstacle
by the SDDC and SDC, thus avoiding it successfully.

5) Enhancing Obstacle Avoidance with a Friction Term:
In the following, we introduce an extension to the proposed
obstacle avoidance methods. To avoid notational clutter, we
represent the vector field modulated by both the SDDC (26)
and SDC (27) collectively as f,. As observed in Fig. 6a,
the modulated velocity profile of f,, may deviate significantly
from the original velocity profile learned by the NCDS skill.
To address this, we introduce a friction term aimed at preserv-
ing the velocity profile of the underlying contractive vector
field f.. Interestingly, this friction term can also be employed
to reduce the velocity near obstacles and to damp fluctuations
caused by discontinuities in the learned SDF. Inspired by [19],

Yy = fspe(x,y) = (27

Algorithm 2: Modulated Robot Skill Execution
Input  : Learned NCDS fycps,g, learned SDF FR,@
Initialize: N <— maximum number of steps, ¢ <— 0
1 while t < N do
2 Sample point cloud {s;}}4, ~ S from the scene
3 Read robot joint and task state ; € C,x; € X
4 Find nearest point s* to robot surface such that
FR(S*, Q) = min{si}iz\il FR(Sia q)
Solve the ODE from Equation (24) — (%, q:)
Solve ODE from Equation (10) — ¥ncps, ¢
Modulate yneps,: via Equation (26) or (27) — ¥
Integrate modulated joint velocity y; — y¢+1
Send y;; to the robot’s joint impedance controller
10 t—1t+1;

o 0 N ™

our friction term is defined as,

1)l
TGy ey

When 7y = 1, the resulting dynamics adapts the velocity
magnitude to the underlying learned vector field f., but keeps
the modulated direction from f. Note that 7 = 1 must not
be chosen for SDDC, because it just guarantees strict collision
avoidance at velocity level. If we enforce the SDDC to keep
the underlying velocity, it could potentially force the system
to penetrate the obstacle.
To slow down near obstacles, we design n; as follows,

1
(1+ B¢Tspr(x,¥))*’
with hyperparameter 3¢. The resulting vector field under

this friction term is depicted in Fig. 6c. Since f!]fég)l‘,)“
is strictly positive and 7y > 0, they induce no A

Yi=1¢ (28)

nf= 29)

1rectional
changes. According to Theorem 1, contraction is preserved
under affine transformations, consequently the friction (28)
does not compromise the contraction guarantees.

6) Modulated Skill Execution: Finally, trajectories can be
integrated along f, defined by the Equations (26) or (27).
First, f. is computed and then mapped into the obstacle-
avoiding space via SDC (27) or SDDC (26). Note that inte-
grating the flow (24) requires solving an Ordinary Differential
Equation (ODE), which we address using off-the-shelf solvers
(more information is provided in the Appendix in Table V).
After computing the flow, applying Equation (26) or (27)
reshapes the vector fields to avoid obstacles while preserving
global contraction guarantees. Algorithm 2 summarizes how a
robot is controlled using our approach.

V. OBSTACLE AVOIDANCE METRICS

We here introduce two novel metrics: Relative Flow Curva-
ture (RFC) and Vector Field Misalignment (VM), to quan-
titatively assess the obstacle avoidance performance of our
approach and state-of-the-art methods. In contrast to stan-
dard metrics such as the Dynamic Time Warping Distance
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Figure 6: Comparison of contraction-preserving obstacle avoidance using SDDC and SDC on an example of the LASA dataset. The vector
field modulated by the SDDC is represented by a gray flow stream while the box-shaped obstacle is depicted by the red solid line. The
bottom plots show the magnitude of the velocity profile along the trajectory.

(DTWD), that measure reconstruction errors, the proposed
metrics focus instead on changes of the learned vector field
introduced by the obstacle avoidance modulation.

A. Relative Flow Curvature

To ensure that the obstacle avoidance maneuvers do not
introduce jerky or sharp trajectories, we analyze the curvature
of the modulated vector field. This metric, termed RFC,
should ideally remain similar to the original vector field’s
curvature, thus indicating smooth and gradual adjustments
around obstacles. Specifically, RFC compares the maximal
curvature x along the modulated trajectory T, against the
maximal curvature of the base trajectory T,ase. The curvature
x measures how sharply a trajectory 7 bends at a given point
relative to the tangential direction [48], and it is defined as,

0 <)
SO O TER

with X denoting the cross product, 7(¢{) and 7(¢) being
the velocity and acceleration along the trajectory. Given the
curvature (30), the RFC metric is defined as follows,

(30)

€1y

RFC = | max ||&(x)|| — max||=(x)]]| .
X E Thase XETm

B. Vector Field Misalignment

When considering contractive stable vector fields, it is par-
ticularly important to preserve the learned vector field patterns
as much as possible in order to maintain the essence of the
skill. Therefore, we propose to compute the cosine similarity
between the learned vector field f. and the modulated vector
field f,, along the rolled-out obstacle-avoiding trajectory.
Since we aim to quantify the degree of misalignment between
the two vector fields, we define this metric as,

_ b arccos Je®) - fm(x)
WS (Fenife) @

A high VM value indicates that the base vector field and the
modulated vector field significantly deviate from each other.

Therefore a low VM is desirable as this may indicate that the
learned vector field patterns are just slightly modified.

VI. EXPERIMENTS

In the following experiments, we systematically analyze
the performance, real-time feasibility, and potential edge-cases
of the proposed obstacle avoidance methods. Thereby, we
evaluate the proposed methods SDDC and SDC on the 2D
LASA dataset [34] and on two real-world tasks: EMPTYING
A DISHWASHER and OPENING A DISHWASHER. These experi-
ments are carried out in a kitchen environment with unknown
obstacles. For the real-world experiments, the robot surface
is learned as an SDF function while the scene is represented
by an incrementally-sampled point cloud. For the 2D LASA
dataset experiments, only implicit models of the obstacles are
learned while the robot is assumed to be a virtual point. Here,
simple geometries such as circles, rectangles, triangles or arcs
are used as obstacles, as shown in Fig. 7.

Our methods are compared against MM [19] as this is
the only contraction-preserving obstacle avoidance method
known to us, which was also employed in combination with
NCDS [4]. Moreover, we compare our methods against the
DT [71], which employs diffeomorphic transformations but
relies on a natural gradient formulation and thus does not

b 4
.
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of the obstacles SDF
15 used in the 2D LLASA
dataset experiments.
The contour lines
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Box, Triangle, Arc.




preserve contraction. Additionally, we consider classical Ar-
tificial Repulsive Potential Field (ARPF) [27]. We ablate our
methods using different SDF functions based on MLP, BP,
and simple geometric primitives. These different versions are
compared against Hilbert maps [S0] as this method was used
in combination with DT for obstacle avoidance [71].

A. Evaluation Metrics

The following metrics are used to quantitatively evaluate
the obstacle avoidance performance. Firstly, we evaluate our
method’s ability to preserve the underlying learned skill dur-
ing obstacle avoidance. To do so, we compare the skill’s
execution with and without obstacles using the DTWD [6].
A low DTWD indicates that the reproduced trajectory was
slightly modified by the obstacle avoidance term. Secondly,
we compute the minimum distance Dy, = minger,, I'spr(x)
between the robot surface and the obstacle over the course of
the skill execution. Our goal should be to keep this distance
sufficiently large to guarantee a collision-free skill execution.
Thirdly, to prevent obstacle avoidance from generating abrupt
or discontinuous trajectories, we use our proposed RFC met-
ric (31) to measure the curvature of the modulated vector
field. As fourth metric we analyze the trajectory jerkiness,
which measures abrupt acceleration changes possibly intro-
duced by the obstacle avoidance term. To assess this, we
compare the maximal trajectory jerkiness in both obstacle-free
T base (x) and obstacle-avoidance settings 7', (x), resulting in
the Modulation Jerk (MJ) metric. The jerk difference should
be as small as possible. Finally, we evaluate the proposed VM
metric (32), which measures the deviation between the base
vector field and the modulated vector field. Details about the
DTWD, MJ and Dy, metrics are given in Appendix Cl.

B. Implementation Details

All experiments are run on a NVIDIA RTX A2000 12GB
GPU and a 12th Gen Intel(R) Core(TM) i5-12600K CPU.
Next, we provide the architectures and the hyperparameters
used for learning the skill models and the obstacle implicit
representations.

1) Neural Contractive Dynamical System: Our NCDS im-
plementation fundamentally follows that of Beik-Mohammadi
et al. [4]. The NCDS Jacobian network is modeled using an
MLP with 2 hidden layers, each consisting of 100 units and
employing TANH activation functions. We define the total loss
function as a combination of Equations (12), (13) and (14),
with weighting factors 5. = 1.0 x 1072 and Bugise = 1.0
All models are trained for 1000 epochs with a learning rate
of 1 x 1073 using the Adam optimizer. A decay factor of
0.1 is applied every 250 epochs to improve training stability.
Furthermore, the demonstration data of each skill are linearly
interpolated such that each trajectory consists of exactly 1000
points. At inference time, a fourth-order Runge-Kutta solver
with the 3/8 rule is employed to solve the ODE in Equa-
tion (10) using two solver steps.

2) Signed Distance Fields: For the LASA dataset exper-
iments, we first model the SDF based on the mathematical
description of the simple geometric shapes, as displayed in
Fig. 7. Using this representation, we sample N = 160K
points {x;}¥, from a grid around the obstacle surface and we
then assign each point its corresponding SDF d; = T'spr(x;)
and gradient values g; = VxI'spr(x;). Given this training set
D = {(xi,d;,8)}Y a two-dimensional SDF is learned via
an MLP with an hourglass-shaped architecture of size (128, 64,
32, 32) and RELU activation functions, inspired by [15, 35].
The loss function is a combination of a reconstruction loss
Lspr [47], Eikonal loss [15], gradient-based loss [45], and a
tension loss [24], leading to,

E(Q) - wSDF£SDF + wgradﬁgrad + weikﬁeik + wtenﬁten; (33)

where wspE, Werad, Weik and Wiension are weighting factors with
values wspr = 10.0, weixk = 0.01, wgrag = 0.1 and wiey =
0.01. The models are trained for 5000 epochs using an Adam
optimizer with a learning rate of 1 x 1073, In addition, we
learn a BP-based SDF similarly to Li et al. [36]. We choose
a model size of 8 basis functions, which are trained for 200
epochs using the training set D.

For the robot experiments, we learn an implicit
representation of the 7-DoF Franka-Emika Panda robot.
On the one hand, we use the BP architecture proposed by Li
et al. [36]. We choose 14 basis functions and train the model
for 200 epochs. On the other hand, we learn a CDF of
the robot based on a MLP model combined with positional
encoding and adopt the architecture of Li et al. [35]. We
choose the same loss as described for the 2D MLP model but
with an architecture of size (1024, 512, 256, 128, 128) and
learn the model for 50000 epochs.

C. Baselines

To compare our approach with state-of-the-art methods, we
must adapt them to work with SDFs. Firstly, Huber et al. [19]
used MM with a custom distance function Iy designed for
simple geometric primitives, which is not directly comparable
to our framework. Thus, we define a distance function such
that H* = {x € R?¢ | Ty, (x) = 1}, resulting in,

Dvgor (X) - (FSDF(X) + 1)2p .

Given this distance function I'yj,,., we compute the mod-
ulation matrix M according to Huber et al. [19]. So, the
modulated vector field is,

x = M(x) fe(x).

Secondly, to compare against the DT approach, we replace
the diffeomorphism based on Hilbert maps [71] by our dif-
feomorphism ) from Eq. (24). This results in the modified
natural gradient system,

¥ = for(x,y) = Gy(y) ' fo(d(x,y))

with the Riemannian Metric Gy = J JJ - Finally, we adapt
the ARPF method [27] by defining the repulsive potential

(34)

(35)

(36)



Varpr Vvia the SDF function, as follows,

1 1 ?

Nl = -1) , 37
277 (FSDF (X) - tsafe )

with safety threshold tgr. = 0.1 and a positive constant 1 =
10~*. Given this repulsive potential, the resulting dynamics of

the adapted contractive system f; is,
5( — fc — VxVARPF(X)-

D. Validation on the LASA Dataset

The aim of these experiments is to determine the quality
and efficiency of obstacle avoidance as well as the limitation
of the proposed methods on the basis of simplified scenarios.

1) Experimental Setup: The LASA dataset [34] is used to
validate the proposed pipeline using a 2D dataset, consisting
of 30 2D handwritten movements. Each movement consists of
seven demonstrations. As an example, we use the Sine move-
ment from the LASA dataset for the following experiments
(see Fig. 3). In this case, we assume a virtual point-shaped
robot following the learned contractive NCDS models trained
on the Sine dataset. The task for the robot is to avoid one of
the obstacles shown in Fig. 7. In addition, in the Appendix
(see Fig. 14) multi-modal robot skills are also investigated.

The obstacle is represented by an implicit distance function.
Here, we use three different SDFF methods for this purpose.
First, we define distance functions w.r.t geometric primitives
(see Fig. 7). These are also used to generate the training data,
which serve as the ground truth. Additionally, we learn an
SDF represented by a MLP and another represented via BP.
We analyze the performance of the methods for 40 different
trajectories per obstacle, each with different obstacle positions.

2) Obstacle Avoidance Results: As an exemplary scene,
we place the box-shaped obstacle in the trajectory path and
apply our proposed method and compute both the trajectory
with and without obstacle avoidance. As shown in Fig. 6c the
learned contractive vector field is deflected around the obstacle
and thus we can successfully avoid an convex obstacle using
our proposed method. If the barrier function is additionally
extended with the swept feature, Fig. 6b shows that the vector
field away from the obstacle is less influenced and thus the
movement in this area follows more closely the dynamics
learned by NCDS.

However, the obstacles considered so far have convex
shapes. In the following, we investigate how the methods
behave with concave surfaces. As shown in Fig. 8, when
using the SDT framework, the flow gets stuck in the concave
region. Note that the learned SDF does not provide any global
information regarding the shape of the obstacle. The curvature
can therefore only be calculated locally. Consequently, the
vector field is deflected at the edges of the obstacle profile,
regardless of the obstacle shape. Therefore, Huber et al. [19]
suggest defining a reference point x” that specifies a clear
direction for the flow. However, this does not serve any
purpose for a SDF function, as the global information is only
implicitly represented. In addition, the reference point would

Varpr(x) =
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have to be adjusted continuously for dynamic objects. This
confirms our expectations that avoidance of concave obstacles
may prevent a complete execution of the trajectory, thus we
consider our method primarily relevant for convex obstacles.

3) Barrier Functions Hyperparameter: We here analyze
the influence of the hyperparameter sgrq in Eq. (19) on the
obstacle avoidance behavior, using the metrics proposed in
Section VI-A. Table I reports the metrics for three different
values of sgrq. The experiments show that higher values of
Sgrad increase the minimum distance to the obstacle. This in
turn has a negative influence on the DTWD and the VM
metrics, as this also increases the area of influence of the
obstacle avoidance and thus modulates a larger region of
the learned vector field. In addition, the results show that
the curvature decreases for larger values of sgq, except for
SDDCipyswept, and thus the obstacle can be avoided more
smoothly. We therefore see a potential trade-off between a
smooth modulation with higher distance to the obstacle (i.e.,
high sgq values), and a more accurate alignment to the
skill vector field, but with less smooth modulation (i.e., low
Sgrad values). Moreover, the swept features have a significant
positive impact on the majority of the metrics, particularly
noticeable in the RFC and VM metric. This can be explained
by the fact that these swept features minimize the area of
influence of the obstacle avoidance term.

4) Comparison to State-Of-The-Art: To compare our pro-
posed SDC and SDDC methods with state-of-the-art ap-
proaches, we first adapt the MM [19], ARPF [27] and DT [71]
methods, as detailed in Section VI-C, to ensure a fair com-
parison. We then evaluate all approaches using three distinct
SDFs architectures. The results are summarized in Table II
Overall, both SDC and SDDC outperform the baselines in key
metrics such as RFC, VM and DTWD. It is noteworthy that
ARPF exhibits particularly strong performance with respect
to the MJ metric, indicating jerk-free obstacle avoidance.
However, ARPF does not guarantee contraction, as proved in
Appendix B3.

Another noticeable finding is that SDDC produces relatively
large VM values, indicating weaker alignment with the original



Table I: Quantitative analysis of the influence of sgq on the obstacle
avoidance behavior according to Eq. 19. Only obstacles based on
geometric primitives (GP) are considered. Each metric is computed
as the average over 40 trajectories.

MJ RFC VM DITWD Dy
Sgrad = 0.05
SDDC;yy 0.74e—4 10.19 049 1238  0.28
SDDCinyewept ~ 0-69¢—4  3.80  0.42 84.9 0.29
SDCipy 5.08¢—4 2358 020 1041 0.35
SDCiny swept 3.93e—4 2126 0.15 90.9  0.34
Serad = 0.10
SDDC;yy 0.62¢e—4 880 057 1842 0.31
SDDCinyswept ~ 0-62¢—4 375 054 1278  0.32
SDCiny 48le—4 1550 026 1634  0.42
SDCiny swept 3.25e—4 1259  0.20  149.9 0.41
Serad = 0.20
SDDCipy 0.56e—4 8.14 069 2885 0.34
SDDCinyswept ~ 0-62¢—4 399 070 1772 0.35
SDCiny 38le—4 858 036  260.6 0.53
SUC st 3.33¢—4 599 029 2386 052

contractive vector field during obstacle avoidance. In addition,
its low Dy, and high DTWD values imply that SDDC
follows a suboptimal path. This observation is qualitatively
reinforced by Fig. 9, where SDDC takes a longer path around
the obstacle. Nevertheless, this path is characterized by a
particularly smooth trajectory, as indicated by its low RFC
value.

The differences among the three SDF functions are notice-
ably, but do not change the ranking of the methods regarding
the metrics. However, the MLP-based SDF tends to exhibit
higher MJ and RFC values, indicating increased irregularities.
By contrast, the BP-based SDF appears more smooth, which
aligns with the features provided by polynomial-based func-
tions. In conclusion, the foregoing results demonstrate that
our SDC and SDDC methods provide smooth and stable ob-
stacle avoidance behaviors without compromising contraction
guarantees and reconstruction accuracy. If closer alignment to
the underlying contractive vector field is preferred, SDC is
recommended, whereas SDDC offers a more uniform obstacle
avoidance strategy.
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Figure 10: Real-world robot setup in a kitchen environment. It
consists of a Franka-Emika Panda robot manipulator with a depth
camera attached to its end-effector and a dishwasher filled with a
few plastic dishes. The left image shows the real setup, while the
right image displays the setup in a Gazebo simulation.

5) Inference Time: Our goal here is to analyze the com-
putational cost of the inference process, which is relevant
when implementing these methods in real-world settings. As
a reference, consider that NCDS without obstacle avoidance
has an inference time of 5.1ms. As shown in Table III,
MM and ARPF are the fastest obstacle avoidance methods,
with inference times 0.5ms — 1.0ms faster than the proposed
SDDC and SDC. Howeyver, the influence of the chosen SDF
method becomes evident. While a geometric primitive SDF
is computationally cheap, it is only applicable to objects that
are known in advance and can be modeled mathematically. In
contrast, both MLP and BP representations can handle more
complex shapes, where the former provides a faster inference
time, making it a preferred choice. Compared to Hilbert Map
(HM), the MLP architecture is slower. However, HM consists
of radial basis functions and learns an occupancy model [50].
Consequently, HM cannot be employed as a distance function
and can only modulate the vector field locally, as used in the
diffeomorphic transform approach [71]. This limitation renders
HM unsuitable for complex scenes, and it is not possible
to maintain a safe distance from obstacles. Additionally, the
gradient of HM does not provide a strict safety barrier, since
any vector field stronger than the HM gradient can potentially
lead to collisions.

We also report the computational cost when evaluating the
diffeomorphic transform for obstacle avoidance as in Eq. (27).
We distinguish between the computational time of the flow
taow from Eq. (24) and the computational cost of the Jacobian
of Eq. (26). Table IV reports the impact of the ODE solver on
the overall inference time. While convex solvers are the fastest,
they are restricted to convex surfaces. In contrast, the Runge—
Kutta solver is the slowest, with inference times approximately
five times higher than those of the convex solver. Furthermore,
Table IV shows that the largest portion of the total computation
time stems from evaluating the flow in Equation (24). This
observation underlines the importance of selecting an efficient
implicit distance function to reduce the computation time
overhead. Notably, the calculation of the Jacobian has only
a minor impact on the total inference time.



Table II: Comparison of the proposed SDC and SDDC methods against state-of-the-art baselines. Three different implicit distance functions
are considered for all methods: SDF of geometric primitive (GP) as ground truth, MLP as standard architecture for SDF [15, 47], and BP
as polynomial architecture [36]. The methods SDC and DT use a barrier with sgaq = 0.1, while SDDC uses a barrier with sgra = 0.05. An
additional safety margin of fwv. = 0.1 applies to all methods. Each metric was averaged over 40 trajectories.

GP
Methods MJ RFC VM DIWD Dun MJ
SDDCjyy 0.62e—4 880 057  184.2 031 | 4.02e—4
SDDCinyswepr ~ 0.62¢—4 375 054  127.8 032 | 3.37c—4
SDCiny 5.08e—4 2358 020 1041 035 | 7.44e—4
SDCinyswept 3.93e—4 21.26 0.15 99.9 0.34 | 6.33¢—4
DTiny 042e—4 974 042  151.3 0.40 | 3.27e—4
DTimswept 052—4 834 040 1434 038 | 2.67e—4
MM 2.66e—4  9.66 045 1994 0.34 | 9.13e—4
ARPF 0.15e—4 8.08 061  146.6 0.32 | 2.00e—4

MLP BP
RFC VM DIWD D MJ RFC VM DIWD D
7.78 061 1742 034 | 15le—4 438 0.74 2224 031
6.96 0.47 1299 0.33 | 1.16e—4 414 049 1348 0.30
2847  0.20 98.5 0.37 | 3.16e—4 842 0.10 98.8  0.34
27.79  0.15 97.7 035 | 212—4 771 0.09 954  0.33
1231 0.34 1329 0.41 | 158e—4 532 042 1568 0.37
895 0.34 1329 040 | 1.10e—4 567 0.28  147.9 0.34
18,63 042 1771  0.35 | 0.34e—4 5,13 0.62 2085 0.33
22,13 057 1351 0.33 | 0.02e—4 672 0.84  198.3 0.31

(a) Motion sequence without extended SDF

(b) Motion sequence with extended SDF
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(c) Comparison of task space trajectories

Figure 11: EMPTYING THE DISHWASHER task: A series of overlapped snapshots shows the PLACE PLATE skill performed by the Franka-
Emika Panda robot using an RDF with grasped plate (left and middle panel). The right plot shows a comparison of the resulting trajectories
using different methods w.r.t the provided demonstrations starting from the gray points.

Table III: Comparison of the inference time iy, in milliseconds
for a single inference step for obstacle avoidance methods based
on implicit obstacle representations. The obstacle representations
are: SDF of geometric primitive (GP) as ground truth, MLP as
standard architecture for SDF [15, 47], BP as polynomial SDF
architecture [36], and a Hilbert Map (HM) [50].

Methods GP MLP BP HM
SDC/SDDC/DT 2.2 4.0 9.0 2.6
MM 1.7 3.0 5.7 =
ARPF 1.2 2.5 5.2 -

Table IV: A comparison of the inference time tg,, in milliseconds
required for a single step in the diffeomorphism ¢/ (see Equation
(24)), where %yacobian represents the inference time needed to compute
the Jacobian J, for the SDC, across different solver types (see
Table V in the Appendix). The following obstacle representations
method are used: SDF of geometric primitive (GP) as ground truth,
MLP as standard architecture for SDF [15] [47], BP as polynomial
SDF architecture [36] and a Hilbert Map (HM) [50].

tiow tjacobian
Solvers GP MLP BP HM | GP MLP HM
SDC/SDDC
Convex 1.8 3.4 7.3 1.9 | 04 05 1.5 0.6
Euler 3.7 6.7 14.8 3.2 0.5 0.8 3.0 0.9
Rg“ge' 102 186 405 100 | 1.0 14 57 20
utta

E. Real Robot Experiments

Here we aim at demonstrating the applicability of the
proposed obstacle avoidance methods on real-world settings.

1) Experimental Setup: We use a 7 DoF Franka-Emika
Panda robot endowed with a depth camera. The robot
workspace is a part of a kitchen environment featuring a
dishwasher, as shown in Fig. 10. The robot is tasked to learn
and execute two real-world tasks: EMPTYING A DISHWASHER

and OPENING A DISHWASHER. In all two tasks, the robot
should safely and autonomously interact with a dishwasher,
maintaining contraction stability against external disturbances
and ensuring collision-free operation even with grasped ob-
jects. In this context, the robot must not only reach specific
target positions but also follow a defined motion trajectory
to, for example, remove dishes from the dishwasher and place
them while executing a designated motion. Moreover, multiple
obstacles, both unknown and cluttered, may be present along
the robot’s path.

To model the obstacle, we sample a point cloud P
{pi}Y, of the robot workspace on the fly using the depth
camera mounted at the robot end-effector. To prevent the robot
surface points from being represented in the point cloud, the
point cloud is filtered, defining a new point cloud PT =
{pi € P|II'rz > 0}. The sampled and filtered point clouds
are merged incrementally and subsequently downsampled to
a voxel size of 2cm. Using these processed point cloud data,
an SDF function of the robot’s surface is used for obstacle
avoidance by means of the proposed methods SDC and SDDC.

We collect the training data for each skill using kinesthetic
teaching. The following skills were recorded: PLACE CUP,
PLACE PLATE, PLACE PLATE IN RACK, OPEN DOOR, GRASP
DOORHANDLE, MOVE SINE. The recorded trajectories for
these skills are shown in Fig. 16 in the Appendix. To execute
a robot skill, the integrated output of the corresponding NCDS
model is sent out as a reference to the robot joint impedance
controller [46, 63], using a control frequency fiimp = 5Hz.

2) Real-world Obstacle Avoidance Behavior: Given the set
of contractive skills learned via NCDS, we evaluate our obsta-
cle avoidance method in the tasks: OPEN DISHWASHER WITH
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Figure 12: Adaptation robustness test for the PLACE PLATE IN RACK
skill performed on the Frank-Emika Panda robot using CDF and
under perturbations at 10s and 21s.

STACKED CUPS and PLACE PLATE. Specifically, we test the
SDT pipeline with an RDF as distance function and the SDC
method. The robot’s implicit distance function is extended
to include the plate’s SDF that was previously learned via
Equation (15). The experiment results are shown in Fig. 11.
Specifically, Fig. 11b shows a successful obstacle avoidance
behavior, without collisions with the stacked cups. Note that,
by closely analyzing Fig. 11a, it can be observed that if the
robot SDF is not extended with implicit representation of
the grasped object a collision can occur. Figure 11c shows
the difference among the reproduced trajectories when the
plate is attached (where the demonstrations are also plotted
as a reference). Notably, the robot avoids both the cups and
dishwasher base, through an initial path deviation.

3) Skill Modulation Robustness: We assess the skill robust-
ness using the PLACE PLATE IN RACK skill in the OPEN
DISHWASHER WITH STACKED CUPS task. The disturbances
that we introduce are: First, moving one joint of the robot
at 10s; and second, directly moving the end-effector at 21s.
The results are shown in Fig. 12, where it is possible to
observe sudden velocity changes at 10s and 21s (see Fig. 12b),
matching the aforementioned perturbations. The peak at 23s
suggests oscillatory behavior caused by the disturbance at 21s,
while the smaller peak at 10s reflects the disturbance in joint
space, which only affects the orientation of the end-effector.
Figure 12a shows that disturbances vanish over time. Initial
differences may stem from variations in configuration, but
the perturbed path converges to the non-disturbed trajectory,
suggesting effective contraction.
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Figure 13: Comparison of the inference times for the SDC method
under three different approaches for computing the robot SDF:
(1) CDF evaluated at all points, (2) CDF evaluated at a single closest
point, (3) RDF evaluated at a single closest point. We decompose the
total inference time into two components: The flow inference time and
the inference time for computing the Jacobian of the diffeomorphism.

4) Inference Time: To assess the real-time capability of the
proposed SDC method, the computation time with respect to
the point cloud size among different robot SDF functions is
reported in Fig. 13). Note that for large point clouds, it is
particularly beneficial to filter out only the nearest point from
the input point cloud and then use this point to query the
SDT. Using this strategy, the flow and Jacobian computation
times remain constant, and therefore the overall inference time
increases only marginally, mainly because the robot SDF must
handle more query points. However, this additional overhead
can be efficiently parallelized.

In contrast, when all points in the point cloud are used
for inference, the computation time becomes unaffordable
for real-time applications, particularly due to the increased
computational load of the Jacobian calculation in the diffeo-
morphism. Furthermore, the CDF exhibits significantly faster
inference times overall and is therefore preferable to the RDF.
In addition to the foregoing results, the inference time of the
robot SDF as a function of the ODE solver is provided in
Table VI in the Appendix.

VII. DISCUSSION

Next we point out the limitations of the proposed ap-
proaches and elaborate on possible further research directions.

A. Limitations

1) Concave Obstacles: The experiments have shown that
concave obstacle surfaces lead to local stability that limits
the execution of robotic skills, indicating that only convex
obstacles can be reliably avoided with the proposed meth-
ods. Although the minimal concave properties of the learned
models, for example, local inaccuracies in the learned implicit
distance function, did not show any local instability in the
experiments, it could theoretically still occur.

2) Inference Time: To maintain the real-time capability of
the framework, one is restricted by the size of the point cloud
and the ODE solver used. This could result in less precise
obstacle avoidance, especially when resources are limited.



3) Discretization: The discretization of the system states
could lead to a corner case. Specifically, if the sampling
rate does not match the system dynamics, a collision might
occur because the integrated state at the last time step could
already lie within an obstacle. Although this issue is inherent
to dynamical systems, it can be exacerbated if sgroq in Eq. (19)
makes the barrier too steep. Furthermore, an overly steep
barrier might force the system to operate at high velocities,
potentially exceeding system safe limits.

B. Future Work

1) Concave Obstacles: In order to handle concave obsta-
cles, Fourie et al. [13] propose representing obstacles with
convex properties using isosurface tracking and manifold mod-
ulation to handle non-convex obstacles. However, contraction
preservation remains unproven and warrants future investiga-
tion. In addition, the barrier function could be extended in
such a way that the surface curvature is taken into account
and has a stronger effect in non-convex regions in order to
prevent local stability.

2) Dynamic Obstacles: In addition to the static obstacles
examined so far, dynamic obstacles can also be considered.
In general, these have no influence on the stability of the
presented approach as long as the sampling rate is significantly
higher than the dynamic of the obstacle. Learning the dynam-
ics of the obstacle using an SDF is a substantial challenge
and would have to be fundamentally investigated beforehand.
If the dynamics q, of the obstacles in configuration space are
known or estimated, we could potentially incorporate this into
a barrier function bgywept 0, analogous to the swept features in
Egs. (20) and (21), to adapt obstacle avoidance as a function
of the relative motion of the obstacle. This function amplifies
when the contractive system moves opposite to the direction of
the obstacle, but relaxes when moving in the same direction,

bswept,o (qSDT; qo) = max (0; 1— qSDTqO> . (39)
|4sor| |aspr]

However, the exact effects or alternative approaches would
have to be investigated in future research.

3) Inference Time: To further optimize the computation
time of the method for real-time use, it is recommended to
consider only obstacles that are within the robot’s operating
space. Furthermore, incrementally learned SDF functions [45]
could be leveraged to learn complex scenes as SDF and use
them for the proposed framework, which could be particularly
relevant for mobile robot use cases. In addition, it would
also be conceivable to use a model that directly predicts the
distance between two surfaces in order to achieve even more
precise obstacle avoidance and to become independent of any
point cloud; the paper by Goel and Tabib [14] could be used
as a inspiration.

4) Control Barrier Functions: It may also be possible to
extend our barrier function approach to include a Control
Barrier Function (CBF) [2] that dynamically accounts for
system inputs. The assumption is that the safe set defined by
a CBF h(x) [56, Eq. (5)]) coincides with the region outside

obstacles exactly as given by the SDF. In other words, each
obstacle boundary is defined by the zero level set I'spr(x) = 0
and similarly the safe-set boundary is defined by h(x) = 0.
This correspondence suggests that a CBF constructed from an
SDF inherently embeds information regarding both the safe
region and the direction of the boundary. We can therefore
design a time dependent vector field guided by the gradient
of the CBF, whose flow induces a diffeomorphism that repels
the system from unsafe areas.

VIII. CONCLUSION

This paper introduces two novel contraction-preserving
whole-body obstacle avoidance methods, namely the Signed
Distance Field Differential Coordinate Change (SDDC) and
the Signed Distance Field Coordinate Change (SDC). Both
methods leverage learned implicit distance functions of the
robot’s surface, combining their gradients with barrier func-
tions to define a flow that maps learned contractive skills onto
an obstacle-avoiding manifold. Specifically, the SDDC relies
on a differential coordinate change, while the SDC employs a
standard coordinate transformation enabled by the constructed
flow. Both approaches are particularly relevant for contractive
robot skills or contractive dynamical systems in general, since
most existing obstacle avoidance strategies fail to preserve
the required stability properties. Furthermore, we propose
new obstacle avoidance metrics that facilitate benchmarking
and comparative evaluations across different methods. Exper-
imental results show that the proposed approaches effectively
preserve the underlying vector field and yield trajectories with
minimal curvature changes. Real-world robot experiments con-
firm the practical applicability of the methods, underscoring
the potential of the SDDC and SDC approaches for robust,
contraction-preserving obstacle avoidance.
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APPENDIX

A. Signed Distance Fields

1) Loss Functions: According to Park et al. [47], learned
SDF methods with parameters @ can be interpreted as a
decision boundary that assigns points to either the inside
H? or outside Hf of an object, while additionally providing
the distance to the surface. To achieve these properties, an
appropriate loss function must be chosen. Park et al. [47]
propose using an £; reconstruction loss,

Lspr(Tspr(x; 0)) = |clamp (T'spr(x; 8), ) — clamp(s, §)],
(40)
where clamp(z, ) := min(4, max(—4,x)) limits the values
within the range [—d,d], and s defines a boundary for the
region over which the SDF function should be defined.
Furthermore, Gropp et al. [15] suggested using the Eikonal
loss,

Le(Tspr(x; 0)) = [[[Vulspr(x: 0)[ — 1], (41)

which encourages the SDF to maintain equidistance properties
across the domain, meaning that for any point in space, the
value of the SDF corresponds to the shortest distance to the
surface H® [15]. In addition, Ortiz et al. [45] introduced a
gradient-based loss,

V«Ispr(x;0) - g
[ VxLsor(x; 0)]|[gll’

which penalizes deviations of the gradient of the SDF from
the surface normal by computing the cosine distance between
the predicted gradient and the true normal vector g. Hittler and
Felis [24] additionally introduced the concept of tension loss,
which enhances the smoothness of the function.

Leaa(TUspr(x; 0),8) = 1 —

(42)

ﬁtension (FSDF(X; 0)) = vachSDF(Xa 0) H2 (43)

B. Contraction-preserving Obstacle Avoidance

1) Multi-modal demonstrations: Figure 14 displays the
evaluation of the SDC on a multi-modal LASA dataset skill.
Under a high contraction rate, the green trajectory remains
in its initial modal state. Conversely, a reduced contraction
rate, as evidenced by the purple trajectory, can induce a mode
switch.

2) Flow Solver: Table V shows a overview of different
types of solvers that can be used to solve the flow in Eq. (24).

Figure 14: Obstacle
avoidance with SDC
using an  inverse
barrier with swept
features on an NCDS
model trained on a
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Table V: Overview of various ODE solvers

ODE Description Pros Cons Complexity
Solver
Convex  One-step + Fastest - Only for  O(1)
solution of solver convex
flow surfaces
Euler Numerical + Any cur- - Veryim- O(N)
method  first-order vature precise
ODE solver + Fast
Runge-  Numerical + Any cur- - Slowest O(4N)
Kutta fourth-order vature method
(RK4) ODE solver + Precise

3) Reactive Obstacle Avoidance: The following is a proof
which shows that reactive obstacle avoidance as in Eq. (23)
can violate contraction stability.

Proof: Consider the obstacle-avoidance term as de-
scribed in Equation (23), we need to show the contraction
conditions as described in Theorem 2. Therefore, taking the
derivative of fc leads to,

?9{; N 88_q (fe(@) — b(x,q)Vql'sor) = F — Hspr(x, q),
(44)
where,
2
Hapr(x, ) — C 0o DlsorCod)) =gy

0q? ’
is the Hessian of the SDF with the proposed barrier func-
tion.

Substituting %{; into Theorem 2, we must satisfy,
G+ G aln G =X —2aG. (46)
dq dq

Multiplying out all terms using Equation (23) leads to,
G + GF +F'G + GHgpr + HgprG < —2aG.  (47)

Since f. is contractive by design, we known from Theo-
rem 2 that,

T
G+G8f°+8f° G < —2aG, (48)
dq dq
so it remains to show that,
GHspr + HiprG =< 0. (49)

If Hgpr has positive eigenvalues, then GHgpr + HSTDFG
can be positive definite, thus violating contraction. As I'spr
may have any shape, we cannot avoid having positive eigen-
values in Hgpr and thus violate the contraction condition.

| |

4) Signed Distance Field Diffeomorphic Transform: In the
following, we prove that the SDC preserves the contraction
property and that the contraction metric is equivalent to the
Riemannian metric of the obstacle-avoiding manifold }. The
proof is inspired by Manchester and Slotine [41].



Proof:
Consider a contractive system,

q = f(a), (50)

which can be described via its differential dynamics,

5q = Aq,t)8q st : %

(GD

Given the differential dynamics, a differential coordinate
change 6q = Jydy can be introduced based on the smooth
diffeomorphism 1, defined by the flow in Equation 24.
By applying the coordinate change d, = Jydy to the
differential contractive system, this results in,

Oy = Ay(y, t)dy. (52)

Given dq = Jydy, 5y can be calculated via,

Sq = Jyby = Ty + Iy (53)

Given Equation 51 and the coordinate changes dq = J 4y,
Equation (53) can be transformed as follows,

by = (951 + I ) by (54)

Ay

Note that the contraction metric Gq of f. is given
by Gq = 1, since the contractive system f. is defined
in Euclidean space. For the contraction metric Gy of
the dynamical system mapped into the obstacle-avoiding
manifold we choose,

Gy =J,Gqly =1} Jy, (55)

where J ., is the the Jacobian of the flow 7.
The derivation of the metric results in,

G, =J"J4+J3"J. (56)

Given Gy, Gy, A, the contraction condition from Theo-
rem 2 can be shown in the following,

Gy + A/ Gy + GyAy +2aGy < 0,
1T T T -1 —17
<:>J7/) .Lp +J7/) .Lp -+ Jd"]d’(']dl Ach; — J¢ J¢)+
-1 —13 \TqT T
(J¢ Ach; — J¢ .Lp) J¢J¢ + 2QJ¢J¢ j 0,
ST Ty + I Ty + T ATy — I Ty + T A Ty—
JjJy + 2033y <0,
SJL(A+AT +2al)Jy <0, (57)
It is known from matrix calculations that the definiteness
of a matrix A under JJAJq/, is preserved. Therefore, only
the term (A + A" + 2al) must be negative definite. This

property holds by the construction of the contractive system,
implying that the entire SDC system is also contractive. B
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Figure 15: Move Sine skill performed on the robot with external
perturbation

C. Experiments
1) Evaluation Metrics: We use the DTWD [6] defined as,

DTWD (Tbase (X) y Tm (X) ) -

Z _ min d(Ti,base (X)a Tjm (X))+
Jel(rom ) € O (58)

ety e 7m0

measuring the similarity between two trajectories, which may
vary in length and/or velocity [6]. In our context, Tiase denotes
the base trajectory of length [(7yu), and it is compared to
a collision-free modulated trajectory 7, of length I(7,,,). A
low DTWD indicates that the original vector field was slightly
modulated by the obstacle avoidance term.

The minimum distance between the robot surface and the
obstacle over the course of the skill execution is defined as

follows,
Dpin = Helin Tspr(x). (59)

XCTm

The MJ metric is defined as,

MIJ = | max || Fpase(X)|] — max || ¥ (x)|||.  (60)
XE Thase XETm

In our context, T,,se denotes the base trajectory, and it is

compared to a collision-free modulated trajectory 7,,,. A high

MJ indicates that the modulated vector field has a stronger

jerk than in the original skill motion profile.

2) Dishwasher Dataset: Figure 16 shows all the demon-
strated skills used for the interaction with the dishwasher. Note
that the last state in the demonstration is repeated N = 20
times to ensure that the contractive model learns a dynamic
that reaches a target state at the end of the trajectory. If the
goal is to learn an oscillating motion or a motion without a
stable final state, this is not necessary.
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(a) Place Plate (b) Place Plate in Rack (c) Place Cup

(d) Grasp Doorhandle (e) Open Door (f) Move Sine

Figure 16: Overview of all 6 motion sequences in the dishwasher dataset. Demonstrations are displayed as black solid trajectories, with start

and end points represented as red crosses and gray points, respectively.

(a) Motion sequence without obstacle avoidance

(b) Obstacle avoidance without plate SDF

(c) Obstacle avoidance with plate SDF

Figure 17: EMPTYING THE DISHWASHER task: A series of overlapped snapshots shows the PLACE PLATE IN RACK skill performed by the
Franka-Emika Panda robot using an CDF with grasped plate in the right panel and without the grasped plate in the middle panel. The left

plot shows the execution of the skill without obstacles.

3) Robustness Test: In the following, the contraction be-
havior and robustness of the Move Sine skill is tested by
introducing a manual perturbation during skill execution. The
result is shown in Fig. 15. The disturbances are observed with
a velocity spike (Fig. 15b), a position deflection (Fig. 15a) and
a slight orientation offset (Fig. 15b). The successful stabilized
disturbance in Fig. 15a shows the robustness and contraction
stability of the learned model.

4) Real World Skill Execution: Fig. 17a shows the robot
successfully executing the Place Plate in Rack skill.

5) Real World Obstacle Avoidance: Further experiments in
Fig. 17b and Fig. 17c¢ demonstrate the need to extend the
robot’s SDF with the SDF of the grasped object.

6) Real World Inference time: Table VI shows the inference
times of ODE solvers during real-world experiments, which
approximately match the complexities O listed in Table V of
the paper’s appendix. Clearly, the choice of the SDF is most
critical.

Table VI: Comparison of the in-

Solvers RDF CDF ! . :
SDC ference time e, (in ms) required
Coiivex 20.9 94 for a diffeomorphism step </ for
Euler 41.1 4.5 the SDC with 1000 points, across
Runge-Kutta ~ 91.2 9.3 different solvers.



