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AbstractÑWe present GPU-SLS, a GPU-parallelized frame-
work for safe, robust nonlinear model predictive control (MPC)
that scales to high-dimensional uncertain robotic systems and
long planning horizons. Our method jointly optimizes an
inequality-constrained, dynamically-feasible nominal trajectory,
a tracking controller, and a closed-loop reachable set under
disturbance, all in real-time. To efÞciently compute nominal
trajectories, we develop a sequential quadratic programming
procedure with a novel GPU-accelerated quadratic program (QP)
solver that uses parallel associative scans and adaptive caching
within an alternating direction method of multipliers (ADMM)
framework. The same GPU QP backend is used to optimize
robust tracking controllers and closed-loop reachable sets via
system level synthesis (SLS), enabling reachability-constrained
control in both Þxed- and receding-horizon settings. We achieve
substantial performance gains, reducing nominal trajectory solve
times by 97.7% relative to state-of-the-art CPU solvers and 71.8%
compared to GPU solvers, while accelerating SLS-based control
and reachability by 237→. Despite large problem scales, our
method achieves 100% empirical safety, unlike high-dimensional
learning-based reachability baselines. We validate our approach
on complex nonlinear systems, including whole-body quadrupeds
(61D) and humanoids (75D), synthesizing robust control policies
online on the GPU in 20 milliseconds on average and scaling to
problems with 2→105 decision variables and8→104 constraints.

I. I NTRODUCTION

Safe real-time control is essential for long-duration robotic
operation. This requires methods to bothsynthesize trajectories
and controllers that satisfy safety and task constraints, andver-

ify that the resulting closed-loop behavior is robust todistur-

bances. Model-basedtrajectory optimization methods such as
nonlinear model predictive control (NMPC) [47] address syn-
thesis, whilereachability analysis [4], which overapproximates
the set of closed-loop reachable states, enables veriÞcation.

Despite their success, constrained trajectory optimization
and reachability methods struggle to scale to large problems.
For legged robots (> 60 states), NMPC is often too slow for
real-time, while nonlinear reachability becomes intractable
beyond ≈10 states [10, 36, 40]. Data-driven reachability
scales better [9, 31, 21], but the resulting estimates are often
inaccurate and compromise safety. System-level synthesis
(SLS) [25, 7] is a scalable alternative, enabling reachability
analysis and the co-design of robust control policies [38, 39].
However, existing SLS methods are too slow for real-time
control of high-dimensional robotic systems. While GPU
acceleration can enable real-time NMPC [5, 49, 2], existing
methods largely ignore inequality constraints and reachability,
and therefore cannot guarantee safety under uncertainty.
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Fig. 1. (a): GPU-accelerated nonlinear constrained whole-body control (61
states, 12 controls) executed on hardware with a Unitree Go2 EDU quadruped,
navigating through an obstacle Þeld in real-time at 50 Hz.(b): Overhead view
of simulated positions reconstructed from hardware-experiment data showing
successful navigation around the obstacles.(c): Graph illustrating minimum
distance to any obstacle, demonstrating zero obstacle collisions.

To close these gaps, we propose a GPU-parallelized
method for robust NMPC ensuring constraint satisfaction
under disturbance.Our key insight is that local dynamics

linearizations reduce constrained trajectory planning and

reachability analysis to GPU-friendly matrix operations,

enabling robust and rapid large-scale robotic control. We
use the alternating direction method of multipliers (ADMM)
and the temporal structure of optimal control problems to
jointly optimize a constrained nominal trajectory and a robust
tracking controller. We achievecomputational efficiency by
caching ADMM iteration-invariant computations and applying
logarithmic-depth horizon splitting via parallel associative
scans. We ensurerobustness by computing forward reachable
sets of the optimized closed-loop dynamics using SLS on
GPU, with an analogous logarithmic-depth parallelization,
yielding margins that are used to tighten constraints in the
nominal trajectory planning. For a horizon of lengthN with
state and control dimensionsnx andnu, we achieve a runtime
of O(log N log2 nx + log2 nu), improving upon the prior
state-of-the-artO(N (n3

x + n3
u)) [38], and enabling real-time,

large-scale robotic control. Our contributions are:

• An ADMM-based, GPU-accelerated inequality-
constrained linear quadratic regulator (LQR) solver lever-
aging factorization caching and parallel associative scans.

• A real-time NMPC method embedding the LQR solver in
a sequential quadratic programming (SQP) loop, enabling
nonlinear inequality-constrained trajectory optimization
at a cost ofO(log N log2 nx+log2 nu) per SQP iteration.

• A uniÞed method for real-time reachability, trajectory op-

https://github.com/trustworthyrobotics/gpu_sls
https://youtu.be/JbViVhenPTw


D. System Level Synthesis

NMPC alone does not robustly guarantee safety under
disturbance. To do so, we unify NMPC with SLS, which
optimizes over causaldisturbance feedback controllers

uk = vk +
∑k−1

j=0 ! u
k,jwj , (14)

with nominal controlvk ∈ Rnu , i.e., we assign a distinct dis-
turbance feedback matrix! u

k,j ∈ Rnu ×nx for each disturbance
wj and controluk for k > j . For uncertain LTV dynamics

xk+1 = Akxk + Bkuk + Ekwk, (15)

it can be shown using standard algebraic manipulations [8] that
the resulting closed-loop state sequence can be expressed as

xk = zk +
∑k−1

j=0 ! x
k,jwj , z0 = x̄0, (16)

where zk ∈ Rnx is the nominal state and! x
k,j ∈ Rnx ×nx

captures the inßuence of disturbancewj on statexk. Starting
with ! x

j+1,j = Ej , SLS propagates the disturbance via

! x
k+1,j = Ak! x

k,j + Bk! u
k,j , (17)

for all j ∈ [N ] and k ∈ [j + 1, N − 1]. Since (16) and (14)
describe thetrue closed-loop trajectory under a disturbance
sequence, enforcing constraints over a worst-case disturbance
set ensures robustness. Using this idea, SLS can be extended
to nonlinear systems by planning a nominal trajectory and
modeling tracking errors as an LTV system (15), whereEk

can be chosen to bound linearization error [57, 39]. We note
that we do not formally consider linearization error, however,
such bounds can be formally incorporated following [39],
albeit at the cost of increased conservativeness. This yields
an approximate solution to the robust NMPC problem (2):

min
X, U,!

J (X, U ) + H̃0(! ) (18a)

s.t. xk+1 = f (xk, uk), ∀k ∈ [N ], x0 = x̄0, (18b)

! x
k+1,j = A(s)

k ! x
k,j + B (s)

k ! u
k,j , (18c)

∀j ∈ [N ], ∀k ∈ [j + 1, N − 1],

! x
j+1,j = E (xj), (18d)

g(xk, uk) + hk(! ) ≤ 0, ∀k ∈ [N ], (18e)

gf (xN ) + hf (! ) ≤ 0, (18f)

whereA(s)
k , B (s)

k are the linearized dynamics (5b) at stagek.
We deÞne the stacked constraint tightenings as

hk(! ) =
∑k−1

j=0

∥∥(C(s)
k

)
! x

k,j +
(
D (s)

k

)
! u

k,j

∥∥
2,row

(19a)

hf (! ) =
∑N−1

j=0

∥∥(C(s)
N

)
! x

N,j

∥∥
2,row

. (19b)

whereC(s)
k , D (s)

k , C(s)
N are the linearized constraints (5d)-(5e).

The vectorshk(! ) andhf (! ) quantify conservative margins
induced by the propagation of disturbances through the
closed-loop dynamics, and are used to robustly enforce the
constraints. We deÞne

H̃0(! ) =
N−1∑

j=0

(N−1∑

k=j

(
‖Q̄

1
2 ! x

k,j‖
2
F + ‖R̄

1
2 ! u

k,j‖
2
F

)

+ ‖Q̄
1
2
N ! x

N,j‖
2
F

)
,

(20)

where! collects all ! x, ! u and Q̄ ∈ Snx
++, R̄ ∈ Snu

++, Q̄N ∈

Snx
++ deÞne a quadratic cost on the system-level responses

! . The state-of-the-art solver for (18) is FastSLS [38], which
decomposes (18) into an iterative procedure that alternates
between optimizing a (A) nominal trajectory and a (B) robust
controller. The nominal trajectory(X, U ) is computed by
solving a constraint-tightened NMPC,

min
X, U

J (X, U ) (21a)

s.t. xk+1 = f (xk, uk), ∀k ∈ [N ], x0 = x̄0, (21b)

g(xk, uk) + hk(! ) ≤ 0, ∀k ∈ [N ], (21c)

gf (xN ) + hf (! ) ≤ 0. (21d)

By deÞning g∗(xk, uk) := g(xk, uk) + hk(! ) and
gf∗

(xN ) := gf (xN )+hf (! ), (21) mirrors the structure of (2)
and can be solved using the method described in Sec. III-B
and Sec. IV-A. After the nominal trajectory update, FastSLS
solves for the robust controller update to obtain! using:

min
!x,!u

N−1∑

j=0




N−1∑

k=j

‖Qk,j ! k,j‖
2
F + ‖QN,j ! x

N,j‖
2
F



 (22a)

s.t. ! x
k+1,j = A(s)

k ! x
k,j + B (s)

k ! u
k,j , (22b)

! x
j+1,j = Ej , ∀j ∈ [N ], ∀k ∈ [j + 1, N − 1], (22c)

where! k,j :=
[
! x

k,j
! ! u

k,j
!
]!

. We deÞne the concatenation
and block decomposition

Qk,j =

(
diag

(√
⇀k,j

) [
C(s)

k D (s)
k

]
,
[
Q̄

1
2 0

0 R̄
1
2

])
,

QN,j =
(

diag
(√

⇀N,j

)
C(s)

N , Q̄
1
2
N

)
,

[
Q

x
k,j Q

xu
k,j

Q
ux
k,j Q

u
k,j

]
:= Q

!
k,jQk,j .

(23)

where⇀ is the Lagrange multiplier that enforces consistency
between the nominal optimization and controller synthesis and
Q

x
k,j ∈ Snx

++, Qu
k,j ∈ Snu

++, Qxu
k,j ∈ Rnx ×nu , Qux

k,j ∈ Rnu ×nx .

IV. M ETHOD

We present an efÞcient framework to solve (2) using NMPC
and SLS on the GPU. First, Sec. IV-A introduces a GPU
accelerated ADMM-based method for efÞciently solving the
structured LTV-QPs in each SQP iteration, accelerating nomi-
nal NMPC. Second, Sec. IV-B details our parallelized solution
of the robust SLS control synthesis problem, accelerating
control design and reachability analysis. Sec. IV-C describes
the Real-Time Iteration (RTI) approach used to enable online
simultaneous reachability analysis and trajectory optimization.

A. GPU ADMM QP Solver

We solve LTV-QPs of the form (5) using a GPU-parallelized
ADMM QP solver. We introduce the split variablez :=
(z0, . . . , zN ) that tracks the left-hand side of the linearized
inequality constraints (5d)-(5e), i.e., we deÞne

zk = Ckςxk + Dkςuk, ∀k ∈ [N ]; zN = CNςxN . (24)
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<latexit sha1_base64="MhI7EqBuRNhBGUJ1UvkKx51sAIw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCURX8uiG1dawT6gCWEynbRDJ5MwMxFL6Ce48VfcuFDErUt3/o2TtIJWDwxzOOde7r3HjxmVyrI+jcLM7Nz8QnGxtLS8srpmrm80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPzjO/dUuEpBG/UcOYuCHqcRpQjJSWPHPXCZHqY8TSq1HFYVEPXsL8494d3P+myZ5nlq2qlQP+JfaElMEEdc/8cLoRTkLCFWZIyo5txcpNkVAUMzIqOYkkMcID1CMdTTkKiXTT/KAR3NFKFwaR0I8rmKs/O1IUSjkMfV2ZrS+nvUz8z+skKjh1U8rjRBGOx4OChEEVwSwd2KWCYMWGmiAsqN4V4j4SCCudYUmHYE+f/Jc0D6r2cfXo+rBcO5vEUQRbYBtUgA1OQA1cgDpoAAzuwSN4Bi/Gg/FkvBpv49KCMenZBL9gvH8BjBObow==</latexit>

O(log N log nx + log nu)

Closed-
loop

response
<latexit sha1_base64="4ehIrLtT5gBLz7JytCouEkMyS5U=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpICURX8uiG5cV7AOaGCbTSTN0MgkzE6GE/oEbf8WNC0XcunXn3zhps9DWAxcO59zLvff4CaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzhde53HoiQNOZ3apQQN0IDTgOKkdKSZx6G3rDmREiFfpA5zZCOj45heB/MaJ5ZterWBHCe2AWpggJNz/xy+jFOI8IVZkjKnm0lys2QUBQzMq44qSQJwkM0ID1NOYqIdLPJP2N4oJU+DGKhiys4UX9PZCiSchT5ujO/Us56ufif10tVcOlmlCepIhxPFwUpgyqGeTiwTwXBio00QVhQfSvEIRIIKx1hRYdgz748T9ondfu8fnZ7Wm1cFXGUwR7YBzVggwvQADegCVoAg0fwDF7Bm/FkvBjvxse0tWQUM7vgD4zPH/w7nAM=</latexit>

hk (�), hf (�)

<latexit sha1_base64="cUCQOcOMyW9q9PIW4E8qP/ow3TY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoQUoivpZFNy4r2Ae0IUwmk3bo5MHMjVhCt278FTcuFHHrH7jzb5y2WWjrgYFzz7mXO/d4ieAKLOvbKCwtr6yuFddLG5tb2zvm7l5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94PfHb90wqHkd3MEqYE5J+xANOCWjJNXGl5zMBBD+4WUVVx8c4r9NZXXXNslWzpsCLxM5JGeVouOZXz49pGrIIqCBKdW0rAScjEjgVbFzqpYolhA5Jn3U1jUjIlJNNLxnjI634OIilfhHgqfp7IiOhUqPQ050hgYGa9ybif143heDSyXiUpMAiOlsUpAJDjCexYJ9LRkGMNCFUcv1XTAdEEgo6vJIOwZ4/eZG0Tmr2ee3s9rRcv8rjKKIDdIgqyEYXqI5uUAM1EUWP6Bm9ojfjyXgx3o2PWWvByGf20R8Ynz8wRJjB</latexit>

(! x(s), ! u(s))

<latexit sha1_base64="g51vFB/uK2wWNLMzdqohrASdNa4=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCC1KScTbsujGZQV7gTaEyXTSDp1cmJmIJXbhq7hxoYhbX8Odb+O0jaDVHwY+/nMO58zvxZxJZVmfRm5ufmFxKb9cWFldW98wN7caMkoEoXUS8Ui0PCwpZyGtK6Y4bcWC4sDjtOkNLsf15i0VkkXhjRrG1AlwL2Q+I1hpyzV3SnduWpIHdnl0iJJvLLtm0apYE6G/YGdQhEw11/zodCOSBDRUhGMp27YVKyfFQjHC6ajQSSSNMRngHm1rDHFApZNO7h+hfe10kR8J/UKFJu7PiRQHUg4DT3cGWPXlbG1s/ldrJ8o/d1IWxomiIZku8hOOVITGYaAuE5QoPtSAiWD6VkT6WGCidGQFHYI9++W/0Diq2KeVk+vjYvUiiyMPu7AHJbDhDKpwBTWoA4F7eIRneDEejCfj1XibtuaMbGYbfsl4/wLJTJQJ</latexit>

(x(s+1) , u(s+1) )
Fully parallel:

<latexit sha1_base64="cHU2yjTbF+bNgrqLxo5YZlXJHXY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyURX8uiG3dWsA9oY5lMJ+3QySTMTJQS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45XsSZ0rb9bRWWlldW14rrpY3Nre2d8u5eS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Drz249UKhaKez2JqBvgoWA+I1gb6aEXYD0imCe3adU57pcrds2eAi0SJycVyNHol796g5DEARWacKxU17Ej7SZYakY4TUu9WNEIkzEe0q6hAgdUuck0dYqOjDJAfijNExpN1d8bCQ6UmgSemcxSqnkvE//zurH2L92EiSjWVJDZIT/mSIcoqwANmKRE84khmEhmsiIywhITbYoqmRKc+S8vktZJzTmvnd2dVupXeR1FOIBDqIIDF1CHG2hAEwhIeIZXeLOerBfr3fqYjRasfGcf/sD6/AHK0ZIP</latexit>

O(1)

Fully parallel:
<latexit sha1_base64="cHU2yjTbF+bNgrqLxo5YZlXJHXY=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyURX8uiG3dWsA9oY5lMJ+3QySTMTJQS8h9uXCji1n9x5984abPQ1gMDh3Pu5Z45XsSZ0rb9bRWWlldW14rrpY3Nre2d8u5eS4WxJLRJQh7KjocV5UzQpmaa004kKQ48Ttve+Drz249UKhaKez2JqBvgoWA+I1gb6aEXYD0imCe3adU57pcrds2eAi0SJycVyNHol796g5DEARWacKxU17Ej7SZYakY4TUu9WNEIkzEe0q6hAgdUuck0dYqOjDJAfijNExpN1d8bCQ6UmgSemcxSqnkvE//zurH2L92EiSjWVJDZIT/mSIcoqwANmKRE84khmEhmsiIywhITbYoqmRKc+S8vktZJzTmvnd2dVupXeR1FOIBDqIIDF1CHG2hAEwhIeIZXeLOerBfr3fqYjRasfGcf/sD6/AHK0ZIP</latexit>

O(1)

<latexit sha1_base64="kM4ME3KMPmoUKWIK1emyHq0kgn8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZREfC2LblxJq/YBbQiT6aQdOnkwMxFL6K+4caGIW3/EnX/jpM1CWw/M5XDOvdw7x4s5k8qyvo3C0vLK6lpxvbSxubW9Y+6WWzJKBKFNEvFIdDwsKWchbSqmOO3EguLA47Ttja4zv/1IhWRR+KDGMXUCPAiZzwhWWnLNcsMdHaP7rNxlpeHeumbFqlpToEVi56QCOequ+dXrRyQJaKgIx1J2bStWToqFYoTTSamXSBpjMsID2tU0xAGVTjq9fYIOtdJHfiT0CxWaqr8nUhxIOQ483RlgNZTzXib+53UT5V86KQvjRNGQzBb5CUcqQlkQqM8EJYqPNcFEMH0rIkMsMFE6rpIOwZ7/8iJpnVTt8+pZ47RSu8rjKMI+HMAR2HABNbiBOjSBwBM8wyu8GRPjxXg3PmatBSOf2YM/MD5/ADNNkp8=</latexit>

Qk, Sk, Rk, QN
<latexit sha1_base64="1DT5ksdmpIRmkWWGR4xsplkoCP0=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuJCSiK9lbV24kgr2AW0Ik+mkHTp5MDMRSujGX3HjQhG3foY7/8ZJm4W2HpjL4Zx7uXOPF3MmlWV9GwuLS8srq4W14vrG5ta2ubPblFEiCG2QiEei7WFJOQtpQzHFaTsWFAcepy1vWMv81iMVkkXhgxrF1AlwP2Q+I1hpyTX3r93hCapmpZaVmym7c82SVbYmQPPEzkkJctRd86vbi0gS0FARjqXs2FasnBQLxQin42I3kTTGZIj7tKNpiAMqnXRywBgdaaWH/EjoFyo0UX9PpDiQchR4ujPAaiBnvUz8z+skyr9yUhbGiaIhmS7yE45UhLI0UI8JShQfaYKJYPqviAywwETpzIo6BHv25HnSPC3bF+Xz+7NSpZrHUYADOIRjsOESKnALdWgAgTE8wyu8GU/Gi/FufExbF4x8Zg/+wPj8AbSsk+0=</latexit>

Ak , Bk , Ck , Dk , CN
<latexit sha1_base64="aOTIIll95xm1e5KCU3HjIWVSOig=">AAAB9HicbVDJSgNBEK1xjXGLevTSGAQPEmbE7Rj04kkimAWSIfR0apImPT1jd08gDPkOLx4U8erHePNv7CwHTXxQxeO9Krr6BYng2rjut7O0vLK6tp7byG9ube/sFvb2azpOFcMqi0WsGgHVKLjEquFGYCNRSKNAYD3o3479+gCV5rF8NMME/Yh2JQ85o8ZKftDun5Jw2u7bhaJbcicgi8SbkSLMUGkXvlqdmKURSsME1brpuYnxM6oMZwJH+VaqMaGsT7vYtFTSCLWfTY4ekWOrdEgYK1vSkIn6eyOjkdbDKLCTETU9Pe+Nxf+8ZmrCaz/jMkkNSjZ9KEwFMTEZJ0A6XCEzYmgJZYrbWwnrUUWZsTnlbQje/JcXSe2s5F2WLh7Oi+WbWRw5OIQjOAEPrqAMd1CBKjB4gmd4hTdn4Lw4787HdHTJme0cwB84nz8inpEN</latexit>

bk , fk , fN

Nominal X, U update:
<latexit sha1_base64="Dvo0vvm2HAVpYAzFjaDAHEPs4f0=">AAACFHicbZDLSsNAFIYnXmu9VV26GSxCpVAS8bYRim5cVrAXaEI5mUzaoZNJmJkIJfQh3Pgqblwo4taFO9/G6UXQ1h8GPv5zDmfO7yecKW3bX9bC4tLyympuLb++sbm1XdjZbag4lYTWScxj2fJBUc4ErWumOW0lkkLkc9r0+9ejevOeSsVicacHCfUi6AoWMgLaWJ1COe1kJVV2job4Eo/ZUBm7wJMeYDegXMOP3ykU7Yo9Fp4HZwpFNFWtU/h0g5ikERWacFCq7diJ9jKQmhFOh3k3VTQB0ocubRsUEFHlZeOjhvjQOAEOY2me0Hjs/p7IIFJqEPmmMwLdU7O1kflfrZ3q8MLLmEhSTQWZLApTjnWMRwnhgElKNB8YACKZ+SsmPZBAtMkxb0JwZk+eh8ZxxTmrnN6eFKtX0zhyaB8doBJy0DmqohtUQ3VE0AN6Qi/o1Xq0nq03633SumBNZ/bQH1kf3xI9nF8=</latexit>

u(s+1) = u(s) + ↵�u(s)
<latexit sha1_base64="QWqlZgQEBoYoIpPsb3aYP0uROzI=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARKoWSiLeNUHTjsoK9QBPKyXTaDp1cmJmIJfQh3Pgqblwo4taFO9/GaRpBW38Y+PjPOZw5vxdxJpVlfRm5hcWl5ZX8amFtfWNzy9zeacgwFoTWSchD0fJAUs4CWldMcdqKBAXf47TpDa8m9eYdFZKFwa0aRdT1oR+wHiOgtNUxy/edpCTL9uEYX+CUNZWxAzwaAHa6lCv48Ttm0apYqfA82BkUUaZax/x0uiGJfRoowkHKtm1Fyk1AKEY4HRecWNIIyBD6tK0xAJ9KN0mPGuMD7XRxLxT6BQqn7u+JBHwpR76nO31QAzlbm5j/1dqx6p27CQuiWNGATBf1Yo5ViCcJ4S4TlCg+0gBEMP1XTAYggCidY0GHYM+ePA+No4p9Wjm5OS5WL7M48mgP7aMSstEZqqJrVEN1RNADekIv6NV4NJ6NN+N92pozspld9EfGxzcgy5xo</latexit>

x(s+1) = x(s) + ↵�x(s)

SQP Re-linearization and Nominal Trajectory Update (Sec. III.B)

<latexit sha1_base64="4ehIrLtT5gBLz7JytCouEkMyS5U=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpICURX8uiG5cV7AOaGCbTSTN0MgkzE6GE/oEbf8WNC0XcunXn3zhps9DWAxcO59zLvff4CaNSWda3UVpYXFpeKa9W1tY3NrfM7Z22jFOBSQvHLBZdH0nCKCctRRUj3UQQFPmMdPzhde53HoiQNOZ3apQQN0IDTgOKkdKSZx6G3rDmREiFfpA5zZCOj45heB/MaJ5ZterWBHCe2AWpggJNz/xy+jFOI8IVZkjKnm0lys2QUBQzMq44qSQJwkM0ID1NOYqIdLPJP2N4oJU+DGKhiys4UX9PZCiSchT5ujO/Us56ufif10tVcOlmlCepIhxPFwUpgyqGeTiwTwXBio00QVhQfSvEIRIIKx1hRYdgz748T9ondfu8fnZ7Wm1cFXGUwR7YBzVggwvQADegCVoAg0fwDF7Bm/FkvBjvxse0tWQUM7vgD4zPH/w7nAM=</latexit>

hk (�), hf (�)

QP Update

Backward pass

Forward pass

<latexit sha1_base64="OkBB3MwJswl4bicB0YGpcTUmlow=">AAAB9HicbVDLTsJAFL3FF+ILdelmIjFx0ZDW4GOJsnGJiTwSaMh0mMKE6bTOTElIw3e4caExbv0Yd/6NA3Sh4ElucnLOvbn3Hj/mTGnH+bZya+sbm1v57cLO7t7+QfHwqKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf1Sb+a0xlYpF4lFPYuqFeCBYwAjWRvLqNoptdGujmo38XrHklJ050CpxM1KCDPVe8avbj0gSUqEJx0p1XCfWXoqlZoTTaaGbKBpjMsID2jFU4JAqL50fPUVnRumjIJKmhEZz9fdEikOlJqFvOkOsh2rZm4n/eZ1EBzdeykScaCrIYlGQcKQjNEsA9ZmkRPOJIZhIZm5FZIglJtrkVDAhuMsvr5LmRdm9Kl8+VErVuyyOPJzAKZyDC9dQhXuoQwMIPMEzvMKbNbZerHfrY9Gas7KZY/gD6/MHTLaP3A==</latexit>

P, p, A, C, b

<latexit sha1_base64="vrsYPSMaEs9HMLZosI02xxyns4k=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgQcKuxMcx6EXwEsE8IFnC7GQ2GTIzu8zMCmHJL3jxoIhXf8ibf+NssgdNLGgoqrrp7gpizrRx3W+nsLK6tr5R3Cxtbe/s7pX3D1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/NJKa+wEPJQkawyaT7MzTulytu1Z0BLRMvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5xOS71E0xiTMR7SrqUSC6r9dHbrFJ1YZYDCSNmSBs3U3xMpFlpPRGA7BTYjvehl4n9eNzHhtZ8yGSeGSjJfFCYcmQhlj6MBU5QYPrEEE8XsrYiMsMLE2HhKNgRv8eVl0jqvepfVi4dapX6Tx1GEIziGU/DgCupwBw1oAoERPMMrvDnCeXHenY95a8HJZw7hD5zPHyrKja4=</latexit>

K, k

Caching + log-depth PAS:
<latexit sha1_base64="tgfVY73nRGeaNh+a9Q/I18ipj8w=">AAACFHicbVDLSgMxFM34rPU16tJNsAiVQpkpvpZFN660gn1AZxwyadqGZjJDkhHL0I9w46+4caGIWxfu/Bsz7YDaeiHk5Jx7uTnHjxiVyrK+jLn5hcWl5dxKfnVtfWPT3NpuyDAWmNRxyELR8pEkjHJSV1Qx0ooEQYHPSNMfnKd6844ISUN+o4YRcQPU47RLMVKa8sySEyDVx4glV6Oiw8IevITpdVuB3LuHpZ9HfOCZBatsjQvOAjsDBZBVzTM/nU6I44BwhRmSsm1bkXITJBTFjIzyTixJhPAA9UhbQ44CIt1kbGoE9zXTgd1Q6MMVHLO/JxIUSDkMfN2ZWpDTWkr+p7Vj1T11E8qjWBGOJ4u6MYMqhGlCsEMFwYoNNUBYUP1XiPtIIKx0jnkdgj1teRY0KmX7uHx0fVionmVx5MAu2ANFYIMTUAUXoAbqAIMH8ARewKvxaDwbb8b7pHXOyGZ2wJ8yPr4BDEyc6w==</latexit>

O(log N log2
nx + log2

nu)

Log-depth PAS:
<latexit sha1_base64="MhI7EqBuRNhBGUJ1UvkKx51sAIw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCCURX8uiG1dawT6gCWEynbRDJ5MwMxFL6Ce48VfcuFDErUt3/o2TtIJWDwxzOOde7r3HjxmVyrI+jcLM7Nz8QnGxtLS8srpmrm80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPzjO/dUuEpBG/UcOYuCHqcRpQjJSWPHPXCZHqY8TSq1HFYVEPXsL8494d3P+myZ5nlq2qlQP+JfaElMEEdc/8cLoRTkLCFWZIyo5txcpNkVAUMzIqOYkkMcID1CMdTTkKiXTT/KAR3NFKFwaR0I8rmKs/O1IUSjkMfV2ZrS+nvUz8z+skKjh1U8rjRBGOx4OChEEVwSwd2KWCYMWGmiAsqN4V4j4SCCudYUmHYE+f/Jc0D6r2cfXo+rBcO5vEUQRbYBtUgA1OQA1cgDpoAAzuwSN4Bi/Gg/FkvBpv49KCMenZBL9gvH8BjBObow==</latexit>

O(log N log nx + log nu)
<latexit sha1_base64="YAunPd+Y4B2NPaGJAgrttswu0QE=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUEFKIt6WRTcuK9gLtKFMJtN26GQSZk7EGoqv4saFIm59D3e+jdM2C239YeDjP+dwzvx+LLgGx/m2cguLS8sr+dXC2vrG5pa9vVPXUaIoq9FIRKrpE80El6wGHARrxoqR0Bes4Q+ux/XGPVOaR/IOhjHzQtKTvMspAWN17L1SO2ACCH44xhklRx276JSdifA8uBkUUaZqx/5qBxFNQiaBCqJ1y3Vi8FKigFPBRoV2ollM6ID0WMugJCHTXjq5foQPjRPgbqTMk4An7u+JlIRaD0PfdIYE+nq2Njb/q7US6F56KZdxAkzS6aJuIjBEeBwFDrhiFMTQAKGKm1sx7RNFKJjACiYEd/bL81A/Kbvn5bPb02LlKosjj/bRASohF12gCrpBVVRDFD2iZ/SK3qwn68V6tz6mrTkrm9lFf2R9/gClgZQT</latexit>

(�x, �u)

Feedback

<latexit sha1_base64="i8eOkusbPCbKvm/1LlJy79Y/d00=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIr2XRjSutYB/QGUomzbShmWRIMsIw1F9x40IRt36IO//GTDsLbT0QOJxzL/fkBDGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfJ37nUciFRX8Qacx8SM05DSkGGkj9e2KFyE9wohld5Oax8QQ3h737apTd6aAi8QtSBUUaPbtL28gcBIRrjFDSvVcJ9Z+hqSmmJFJ2UsUiREeoyHpGcpRRJSfTcNP4JFRBjAU0jyu4VT9vZGhSKk0CsxkHlXNe7n4n9dLdHjpZ5THiSYczw6FCYNawLwJOKCSYM1SQxCW1GSFeIQkwtr0VTYluPNfXiTtk7p7Xj+7P602roo6SuAAHIIacMEFaIAb0AQtgEEKnsEreLOerBfr3fqYjS5ZxU4F/IH1+QPq/5RN</latexit>

O(log N)

GEMM:
<latexit sha1_base64="i8eOkusbPCbKvm/1LlJy79Y/d00=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIr2XRjSutYB/QGUomzbShmWRIMsIw1F9x40IRt36IO//GTDsLbT0QOJxzL/fkBDGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfJ37nUciFRX8Qacx8SM05DSkGGkj9e2KFyE9wohld5Oax8QQ3h737apTd6aAi8QtSBUUaPbtL28gcBIRrjFDSvVcJ9Z+hqSmmJFJ2UsUiREeoyHpGcpRRJSfTcNP4JFRBjAU0jyu4VT9vZGhSKk0CsxkHlXNe7n4n9dLdHjpZ5THiSYczw6FCYNawLwJOKCSYM1SQxCW1GSFeIQkwtr0VTYluPNfXiTtk7p7Xj+7P602roo6SuAAHIIacMEFaIAb0AQtgEEKnsEreLOerBfr3fqYjS5ZxU4F/IH1+QPq/5RN</latexit>

O(log N)

GEMM:
<latexit sha1_base64="i8eOkusbPCbKvm/1LlJy79Y/d00=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHqpsyIr2XRjSutYB/QGUomzbShmWRIMsIw1F9x40IRt36IO//GTDsLbT0QOJxzL/fkBDGjSjvOt7W0vLK6tl7aKG9ube/s2nv7bSUSiUkLCyZkN0CKMMpJS1PNSDeWBEUBI51gfJ37nUciFRX8Qacx8SM05DSkGGkj9e2KFyE9wohld5Oax8QQ3h737apTd6aAi8QtSBUUaPbtL28gcBIRrjFDSvVcJ9Z+hqSmmJFJ2UsUiREeoyHpGcpRRJSfTcNP4JFRBjAU0jyu4VT9vZGhSKk0CsxkHlXNe7n4n9dLdHjpZ5THiSYczw6FCYNawLwJOKCSYM1SQxCW1GSFeIQkwtr0VTYluPNfXiTtk7p7Xj+7P602roo6SuAAHIIacMEFaIAb0AQtgEEKnsEreLOerBfr3fqYjS5ZxU4F/IH1+QPq/5RN</latexit>

O(log N)

GPU-SLS

Fig. 2. Schematic of our method, GPU-SLS.At each SQP iteration(s), we compute a nominal trajectory update(!x, !u ) using a GPU-parallelized
ADMM-based QP solver that exploits caching and parallel associative scans (PASs) for acceleration. The resulting dual variables are post-processed into SLS-
compatible duals" (App. B), which inform the objective in the SLS controller optimization problem (18a). This optimization is likewise GPU-parallelized via
PASs, yielding closed-loop response matrices! that implicitly deÞne the controller. These matrices deÞne constraint tightenings (18e) and (18f), i.e., closed-
loop reachable sets, which are used to tighten the constraints of the subsequent nominal trajectory solve, ensuring robust feasibility under closed-loop control.
The next SQP iteration then proceeds after fully parallelizable Jacobian and Hessian updates, along with state, input, and function evaluations. Green denotes
nominal trajectory computations; blue denotes feedback controller and reachable set computations. GEMM is aO(log N ) matrix multiplication routine.

Let f := (f 0, . . . , f N ) denote the stacked constraint offsets.
The inequality constraints in (5), i.e., (5d)-(5e), can then
equivalently be written asz ≤ f (elementwise). For com-
pactness, we deÞneςϱk := (ςxk, ςuk) and the linear mapping
G : Rnx (N+1)

× Rnu N
→ Rnc N+nf ,

G(ςϱ) := G(ςx, ςu) = (G0, . . . , GN ), with

Gk(ςϱk) := Ckςxk + Dkςuk, GN (ςxN ) := CNςN .
(25)

The split constraints (9a) can be then written asG(ςx, ςu) =
z. DeÞne the convex setC := {z ∈ Rnc N+nf : z ≤ f }, we
can equivalently form (5) as

min
εx,εu

JQP(ςx, ςu) + I C(z)

s.t. ςxk+1 = Akςxk + Bkςuk + bk, ∀k ∈ [N ],

G(ςx, ςu) = z.

(26)

Now, we deÞne the augmented Lagrangian of (26).

LA(ςϱ, ↼, ↽) = JQP(ςϱ) + I C(z) + ↼
T (G(ςϱ) − z)

+ ϖ
2‖G(ςϱ) − z‖

2
2

s.t. ςxk+1 = Akςxk + Bkςuk + bk, ςx0 = x̄0 − x(s)
0 ,

(27)

where↼ is the Lagrange multiplier associated with the consen-
sus constraint and↽ is the penalty parameter. ADMM proceeds
by (11), (12), and (13) to solve this optimal control problem.

First, the primal update (equivalent of (11)) reduces to
solving an equality-constrained QP of the form

min
εx,εu

N−1∑

k=0

1

2

[
ςxk

ςuk

]! [
Q̂k Ŝ!

k

Ŝk R̂k

] [
ςxk

ςuk

]
+

[
q̂k

r̂k

]! [
ςxk

ςuk

]

+
1

2
ςx!

N Q̂NςxN + q̂!NςxN (28a)

s.t. ςxk+1 = Akςxk + Bkςuk + bk, ∀k ∈ [N ], (28b)

ςx0 = x̄0 − x(s)
0 , (28c)

where the augmented costs are deÞned as

Q̂k = Qk + ↽C!
k Ck, q̂k = qk + C!

k (↼k − ↽zk),

R̂k = Rk + ↽D!
k Dk, r̂k = rk + D!

k (↼k − ↽zk),

Ŝk = Sk + ↽C!
k Dk, ∀k ∈ [N ],

Q̂N = QN + ↽C!
NCN , q̂N = qN + C!

N (↼N − ↽zN ).

(29)

As in common ADMM practice, we reformulate (29) by
introducing the scaled dual variablesy := (y0, . . . , yN ), where
yk := ↼k/↽ for all k ∈ [N ] andyN := ↼N /↽ :

q̂k = qk + ↽C!
k (yk − zk), r̂k = rk + ↽D!

k (yk − zk),

q̂N = qN + ↽C!
N (yN − zN ).

(30)

Next, the z-update (12) becomes a simple linear projection
onto the convex setC, after which the dual ascent step (13)
is performed as vector operations:

z(t+1) = min
(
G(ςx(t+1), ςu(t+1)) + y(t), f

)
, (31a)

↼
(t+1) = ↼

(t) + ↽
(
G(ςx(t+1), ςu(t+1)) − z(t+1)

)
. (31b)

Note thatz- and↼-updates are fast and fully component-wise
parallelizable across time and constraints. Thus, the dominant
computational cost of our ADMM formulation is in the primal
update (28). To accelerate this structured equality-constrained
solve on GPUs, we build on recent GPU-parallel optimal
control solvers that exploit temporal parallelism via associative
scans [5].

1) Efficiently Solving (28) via Associative Scans: Note that
(28) is a linear quadratic regulator (LQR) problem, which is
traditionally solved via Riccati recursions [47], yielding an
optimal solution of the form(ςx, ςu := Kςx + k) [56]. How-
ever, Riccati recursions are solved sequentially across time-
steps, leading to a computational bottleneck. To accelerate
the solution of (28), we usereverse parallel associative scan

operations totemporally parallelize the solution of the primal
update (28). Given elementsa1, . . . , aN and an associative
binary operator⊗, a reverse parallel associative scan computes
a sequence of sufÞx reductions(s1, s2, . . . , sN ) := s1:N where

s1:N := (a1 ⊗ a2 ⊗ · · ·⊗ aN , a2 ⊗ · · ·⊗ aN , . . . , aN ), (32)

in O(log N ) depth on parallel hardware [13]. A more detailed
overview is given in App. A. To exploit this associative scan
to solve (28), we Þrst deÞne the conditional value function
(CVF) of (28), building on the result of [5] and extending it
to solve the modiÞed LQR problem given by ADMM (28):

Vi→j(xi, xj) = max
ϱ

1

2
x!

i P̃i,jxi + p̃!i,jxi −
1

2
⇁
!C̃i,j⇁

− ⇁
!(xj − Ãi,jxi − b̃i,j

)
,

(33)



where i < j . Following [5], we can deÞne the associative
operator⊗ for combiningVi→k andVk→j , when both are of
the form in (33), to produceVi→j . The constituent terms of
Vi→j , as seen in (33), are obtained according to the following
combination rules:

P̃i,j = P̃i,k ⊗ P̃k,j := !i,jP̃k,jÃi,k + P̃i,k, (34a)

p̃i,j = p̃i,k ⊗ p̃k,j := !i,j

(
p̃k,j − P̃k,j b̃i,k

)
+ p̃i,k, (34b)

Ãi,j = Ãi,k ⊗ Ãk,j := ”i,jÃi,k, (34c)

C̃i,j = C̃i,k ⊗ C̃k,j := ”i,jC̃i,kÃ!
k,j + C̃k,j , (34d)

b̃i,j = b̃i,k ⊗ b̃k,j := ”i,j

(
b̃i,k − C̃i,kp̃k,j

)
+ b̃k,j , (34e)

where !i,j = Ã!
i,k

(
I + P̃k,jC̃i,k

)−1
, (34f)

”i,j = Ãk,j

(
I + C̃i,kP̃k,j

)−1
. (34g)

The initial values of the associative scan are deÞned as

P̃i,i+1 = Q̂i − Ŝ!
i R̂−1

i Ŝi, p̃i,i+1 = q̂i − Ŝ!
i #i (35a)

Ãi,i+1 = Ai − B iR̂−1
i Ŝi, C̃i,i+1 = B iR̂−1

i B!
i , (35b)

b̃i,i+1 = bi − B i#i, #i = R̂−1
i r̂ i ∀i ∈ [N ] (35c)

P̃N,N+1 = Q̂N , p̃N,N+1 = q̂N , (35d)

ÃN,N+1 = 0, C̃N,N+1 = 0, b̃N,N+1 = 0. (35e)

As shown by [5], using the CVF (33) and combination
rules (34) with initialization (35), we can recover the Riccati
termsPi = P̃i,N+1 pi = p̃i,N+1 through a reverse parallel
associative scan (32). We can then recover the feedback terms

K i = −$i

(
Ŝi + B!

i Pi+1Ai

)
, (36a)

ki = −$i

(
B!

i (pi+1 + Pi+1bi) + r̂ i

)
, (36b)

where $i = (R̂i + B!
i Pi+1B i)

−1. (36c)

To recover the nominal updatesςx, ςu, we can use aforward

parallel associative scan to similarly parallelize the procedure.
We deÞne the conditional optimal trajectory (COT) as

h̄i→j(ςxi, ςxj) = Āi,jςxi + b̄i,j (37)

and using the combination rules with associated initialization,

Āi,j = Āi,kĀk,j b̄i,j = Āk,j b̄i,k + b̄k,j ,

Āi,i+1 = Ai + B iK i b̄i,i+1 = B iki + bi, ∀i ∈ [1, N ]

Ā0,1 = 0 b̄0,1 = A0ςx0 + b0,
(38)

we can recover the solution to (28) in parallel by

ςxi = h̄0→1 ⊗ h̄1→2 ⊗ · · · ⊗ h̄i−1→i

ςui = K iςxi + ki.
(39)

Therefore, the solution to (28) can be calculated in
O(log N log2 nx + log2 nu) time on parallel hardware. This
follows because each step of the reverse parallel associative
scan requires inverting annx × nx matrix, which can be per-
formed inO(log2 nx) time in parallel [19]. Since the scan has
depthO(log N ), the total cost of the scan isO(log N log2 nx).
The initialization step additionally requires matrix inversions
of sizenx andnu, contributingO(log2 nx + log2 nu).

2) Caching to Accelerate Associative Scans: A common
strategy to improve ADMM convergence is to update the
penalty parameter↽ only everyσ ∈ N>1 iterations instead of
every iteration. We adopt a similar↽ update scheme as OSQP
[55] presented in Section 5.2. By exploiting this structure, we
cache and reuse matrix factorizations across iterations in which
↽ remains Þxed, substantially reducing computational cost.

To solve (28) when↽ is Þxed, only the augmented linear
terms in (30) change between ADMM iterations, i.e.,Q̂(·),
R̂(·), andŜ(·) are unchanged. Thus, in the reverse parallel as-
sociative scan (34), only the quantitiesp̃i,j (34b) and̃bi,j (34e)
must be recomputed. Since the dominant computational cost
arises from matrix inversions, we also cache the invariant inter-
mediate quantities̃Pi,j (34a),C̃i,j (34d),!i,j , and”i,j (34f)-
(34g), which are needed to computep̃i,j andb̃i,j , so that they
can be reused across iterations. Thus, for ADMM iterations in
which ↽ is unchanged, the combination rules (34) reduce to

p̃i,j = !cache
i,j

(
p̃k,j − P̃ cache

k,j b̃i,j

)
,

b̃i,j = ”cache
i,j

(
b̃i,k − C̃cache

i,k p̃i,j

)
+ b̃j,k,

(40)

where!cache
i,j , P̃ cache

k,j , ”cache
i,j , C̃cache

i,k are the cached terms from
the ↽-updated iteration (34). The initial values are set as

p̃i,i+1 = q̂i − Ŝi#cache
i , b̃i,i+1 = bi − B i#cache

i , ∀i ∈ [N ]

p̃N,N+1 = q̂N , b̃N,N+1 = 0,
(41)

where #cache
i are the cached term from (35c). We can then

obtain the feedback termsK i andki as

K i = K cache
i , ki = −$cache

i

(
B!

i (pi+1 + Pcache
i+1 bi) + r̂ i

)
(42)

where $cache
i is the cached term from (36c). Using these

feedback terms, we can follow the same procedure (37)Ð(39)
to recover the nominal updateςx, ςu. Because procedures
(40)Ð(42) and (37)Ð(39) require no inverses, we perform
one iteration inO(log N log nx + log nu), a reduction from
O(log N log2 nx + log2 nu) without caching.

B. Robust Nonlinear MPC via System Level Synthesis

To solve for the robust SLS controller (22), FastSLS uses
N independent Riccati recursions, as shown in [38]:

G
(j)
N = Q

x
N,j , K

(j)
k = −G

(j)
k B

(j)
k ,

P
(j)
k = Q

x
k,j +

(
A(s)

k

)!
P

(j)
k+1A(s)

k +
(
K

(j)
k

)!
B

(j)
k ,

G
(j)
k =

(
Q

u
k,j +

(
B (s)

k

)!
P

(j)
k+1B (s)

k

)−1
,

B
(j)
k = Q

ux
k,j +

(
B (s)

k

)!
P

(j)
k+1A(s)

k ,

(43)

andN independent forward propagations

! x
j+1,j = Ej ,

! u
k,j = K

(j)
k ! x

k,j , ! x
k+1,j = (A(s)

k + B (s)
k K

(j)
k )! x

k,j ,
(44)

for all j ∈ [N ] and for allk ∈ [j +1, N −1], wherej indexes
the time at which the disturbance is injected, andk indexes
the state and input responses at timek for the corresponding
disturbance. The superscript(j ) denotes the Riccati variables
associated with the disturbance injected at timej .
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